Integral Motives and Special Values of Zeta 

Functions 



James S. Milne and Niranjan Ramachandran 

Abstract. For each field k, we define a category of rationally decomposed mixed 
motives with Z-coefhcients. When k is finite, we show that the category is Tan- 
nakian, and we prove formulas relating the behaviour of zeta functions near integers 
to certain Ext groups. 
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Introduction. For each field k, there is conjecturally a category of mixed isomo- 
tives whose full subcategory of semisimple objects is the category A4{k;Q) of pure 
isomotives. In this paper, we define a Z-category A^(/c;Z) of motives whose quo- 
tient by its subcategory of torsion objects is A4{k] Q). Thus, Ai{k; Z) is the abelian 
category of mixed motives over k whose weight filtrations split modulo torsion. As 
Grothendieck observed, when k is finite, the weight filtrations always split modulo 
torsion, and so, in this case, A4{k; Z) is the full category of mixed motives over k. 

The category J^{k; Z) depends on our choice of Ai{k; Q). For definiteness, take 
A4{k;Q) to be the category of isomotives based on the smooth projective varieties 
over k whose Kiinneth projectors are algebraic with the correspondences taken to be 
the numerical equivalence classes of algebraic classes. This category is abelian and 

May 22, 2002; submitted version. 
The first author received support from the National Science Foundation and the second author from 
MPIM (Bonn) and a GRB Summer Grant (UMD). 



2 



JAMES S. MILNE AND NIRANJAN RAMACHANDRAN 



semisimple (Jannsen 1992), hence Tannakian (Deligne 1990), and when we assume^ 
numerical equivalence coincides with homological equivalence, it admits canonical 
Z-adic fibre functors for each /. The category A^(/c;Z) we construct is noetherian, 
abelian, and, at least when k is finite, Tannakian. 

The Ext groups in the full category J^{k; Z) seem to be pathological, but those 
in the subcategory Ai~^{k] Z) of effective motives are of interest. When k is finite, we 
show that the Tate conjecture implies^ relations between these Ext groups and the be- 
haviour of zeta functions near integers (Theorems p.0.1| , |10.5| ). Moreover, to a smooth 



projective variety V satisfying a certain degeneration condition on its crystalline co- 
homology, we are able to attach "Weil" motivic cohomology groups Hl^^^{V, Z{r)) 
satisfying the spectral sequence 

W{ro,Hi,AV,m) ^ Hi^J,{V,Z{r)) (1) 

posited by Lichtenbaum (2002), and deduce from Theorem |10.5| that 



aV, s) ~ {V, Z(r)) ■ g^^^'^-'^) ■ (1 - q^'Y 



as s 



(Theorem [lO.Tj ). Here Tq is the subgroup of Gal(F/Fg) generated by the Frobenius 
element (so Tq = Z), x^(V,Z(r)) is the alternating product of the orders of the 
cohomology groups of a complex 

• • • Hi^jV, Z(r)) ^ W^^liV, Z(r)) ^ • • • 

arising from ([1|), xi^: ^v, ^) is as in Milne 1986a, and p = ^(— l)*2-rankiir^Qj(V, Z(r)). 

The category M.{k; Z) is defined in §5 as a full subcategory of the fibre product of 
the Q-category Ai{k; Q) with a certain Z-category of realizations. The construction 
requires that we show that the various /-adic fibre functors on Ai{k]Q) define an 
adelic fibre functor — the proof of this depends crucially on the theorem of Gabber 
(1983). In §4, we show that the usual Tate conjecture implies an adelic version. For 
example, for a variety over a finite field, if the /-adic Tate conjecture holds for a single 
I, then it holds Z-integrally for almost all /. 

The category Ai{Wq] Z) is shown to be Tannakian in §6, and the main results on 
Exts and motivic cohomology groups are obtained in §10 after preliminaries in §§7-9. 

This article is part of a project whose ultimate goal is to define a triangulated 
category of motives with t-structure whose heart is the category A^(/c;Z) defined 
above, and to show that the Tate conjecture for smooth projective varieties implies 
the formula (^ for arbitrary varieties over F^. 

We note that our approach to motives is opposite to that of other authors (Hana- 
mura 1995, 1999; Levine 1998; Voevodsky 2000) who define a triangulated category 
of motives with the goal of putting a t-structure on it whose heart will be the abelian 
category of motives. While our approach can be expected to give the full category 
of mixed motives only when the ground field is F^ or F, we do expect to obtain the 
correct p-structure, as illustrated by (^. Most of the difficulties in the present work 
involve the p-part in characteristic p. 



^See ( 5.26| ) for an alternative choice of Ai{k; Q) that does not require any unproven conjectures. 
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When A4{k;Q) is as in (5.26), these relations are hold unconditionally. 
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Notations. Throughout, / is a prime number, p is the characteristic (or char- 
acteristic exponent) of the ground field, and ^ is a prime number ^ p. The Z-adic 
valuations | |/ and ord^ are normalized so that |/|/ = and ord^(/) = 1. The 
expression "for almost all /" means "for all but (possibly) a finite number of /" . 

The profinite completion of Z is denoted Z and A/ = Q (8> Z. Thus, Z = Yl'^i, 
and we let Zp = H^^p and = Q ® Z^. When p = 1, Z^ = Z and A^ = A/. 

We use Mjn and M^"*) respectively to denote the kernel and cokernel of multiph- 
cation by m on M. For a prime I, M{1) — (J is the Z-primary component of M, 
and Mtors — U is the torsion sub object. 

For a module M endowed with an action of a group F, (resp. My) is the largest 
submodule (resp. quotient module) of a F-module M on which F acts trivially. 

Lattice always means full lattice: when i? is a ring and F is a free Q ® i?-module 
of finite rank, an i?-lattice in K is a finitely generated i?-submodule A of y such that 
the inclusion V induces an isomorphism Q ® A ^ 

For a field /c, k^^ denotes an algebraic closure of A;, /c^'^p a separable (algebraic) 
closure of /c, and kP^ a perfect closure of k (for example, /c^^ = °° C. k^^). 

For a perfect field k of characteristic p, W{k) denotes the ring of Witt vectors 
with coefficients in k, and B(k) denotes the field of fractions of W{k). The unique 
lift of the automorphism x i-^ x^: k ^ k to W{k) is denoted a. We let A denote the 
skew polynomial ring W[F, a] (polynomials in F with the relation F ■ a = a{a) ■ F, 
a e W). 

Generally, rings are assumed to be commutative. For a ring R, Mod(i?) is the 
category of i?-modules and Modf(i?) the category of finitely presented i?- modules, 
and for a field k, \ec{k) is the category of finite dimensional /c-vector spaces. We 
usually abbreviate M S to Ms- For an i?-hnear category (ahas, i?-category) M., 
M.S denotes the category with the same objects as M., but with Hom^g(X, y) = 
RomM{X,Y)s. 

For an affine group scheme G over a noetherian ring R, Rep(G'; R) denotes the 
category of linear representations of G on finitely generated i?-modules. 

Given functors F: A ^ C and G: B ^ C, the fibre product category A Xc B 
has as objects the triples {A,B.j) with A an object of A, B an object of B, and 
7: F{A) G{B) an isomorphism; the morphisms are the pairs a: A A' and 
b: B ^ B' giving rise to a commutative diagram in C. 

A variety y is a geometrically reduced separated scheme of finite type over a field. 
The group of algebraic cycles of codimension r on y is denoted Z^{V), and Z^{V) is 
the quotient of Z''(y) by some adequate relation ~. We let H*(y,F) = ®iH\V,F). 

An equivalence class containing x is denoted [x\. We also use [S] to denote the 
cardinality of a finite set S. For a homomorphism f : M ^ N of abelian groups 
whose kernel and cokernel are finite, z{f) is defined to be [Ker(/)]/[Coker(/)]. 

Isomorphisms are denoted ~ and canonical isomorphisms =. 

1. The Realization Categories 

The categories TZ away from p. Throughout this subsection, /c is a field of 
characteristic exponent p, and i? is a topological ring, for example, i? = Z, Z^, Q^, 
Z*', or Ay with its natural topology (discrete for Z). 
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Definition 1.1. (a) For a profinite group F, 7^(F; K) is the category of continu- 
ous linear representations of F on finitely presented i?-modules. 
(b) When k is finitely generated over the prime field, 



Otherwise, TZ{k; R) — lmiTZ{k'; R) where k' runs over the subfields of k finitely gen- 
erated over the prime field. 

Remark 1.2. Let F be a profinite group. Two continuous linear representations 
pi and p2 of open subgroups Ui and f/2 of F on an i?-module M are said to be related 
if they agree on an open subgroup of Ui H U2- This is an equivalence relation, and 
an equivalence class will be called a germ of a continuous linear representation of F. 
A morphism (M, [pu]) — ^ {M', [p'^l]) of germs is an i?-linear map a: M ^ M' that 
is equivariant for some open subgroup olU nU' . When A; is a separable closure of a 
field /co finitely generated over the prime field, an object of 7^(A;; R) can be identified 
with a germ of a continuous linear representation of Gal(A;/A;o). 

Lemma 1.3. For each object M of TZiT-^lAf), there is an open subgroup U G T 
such that M decomposes into the sum of a torsion object and a torsion-free object in 
TZ{U ; Consequently, when k is separably closed, for each M in TZ{k; l^i), M^ors ^■s 
a direct summand of M. 

Proof. Let M = Mtors © Mi as Z^-modules, and let 7 G F act on M as the 

matrix ^ "'^^^ ^ . The map 7 ^ 0(7) is the homomorphism describing the action of 

F on Mtors- After replacing F with an open subgroup U, we may suppose this action 
to be trivial. The map 7 1— > 0(7) defines an action of U on Mi, and hence an action 
of U on Hom(Mi, Mtors), which, again, wc may suppose to be trivial. Then 7 1— > 6(7) 
is a homomorphism U Hom(Mi, Mtors)) and after we replace U with the kernel of 
this map, M = Mtors © Mi will be a decomposition of [/-modules. □ 

For M in 7^(F; Ze), set M^ = Homz,(M, Ze) with 7 e F acting according to the 
rule {'jf){m) = /(7~^m). We say M is reflexive if the canonical map M M^^ is 
an isomorphism. 

Proposition 1.4. (a) An object ofTZiV; Z^) is reflexive if and only if it is torsion- 
free. 

(b) Every object oflZ{T] Z^) is a quotient of a reflexive object. 

Proof, (a) As is torsion-free, the condition is necessary, and it is obviously 
sufficient. 

(b) If M decomposes in 7?.(F; Z^) into the direct sum of a torsion module Mt with 
trivial F-action and a torsion-free module Mi, then M will be the quotient of Z^®Mi 
for some r. According the lemma, there is an open subgroup f/ of F such that M has 
such a decomposition in TZ{U ; Z^), and hence there will be a surjection Z^ ©Mi M 
in n{U] Zi) with Mi free. Now 



realizes M as the quotient of a torsion-free F-module. Here Ind^{N) denotes the 



n{k; R) = 7^(F; R), F = Gal(F^P /k) . 



Ind[;(Z^ © Ml) ^ Ind^(M) 



^ M 



induced module. 



□ 
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Remark 1.5. (a) The category 7l{k;Qi) is denoted Tate(fc) in Saavedra 1972, 
VI A4.2, A4.3, and its objects are called Tate modules. It is a neutral Tannakian 
category over Q^. 

(b) The functor M ^ {Me)i^p: 7^(^; Z^) ]\^^^n{T;Zi) is exact, full, and 
faithful, with essential image the objects {Me)i^p such that dimp^ Mi/iM^ is bounded. 

The categories TZ at p. An F-isocrystal over a perfect field is a finite dimen- 
sional i?(A;)-vector space M endowed with a a-linear bijection Fm'- M —>■ M. With 
the obvious structures, the F-isocrystals over k form a Tannakian category Isoc(/c) 
over Qp, and the forgetful functor is a i?(fc)-valued fibre functor (Saavedra 1972, VI 
3.2). The identity object is 1 = (-B(fc), cr), and the Tate object is T = {B{k),p~^ ■ a). 

An F-isocrystal (M, Fm) is effective if Fm stabilizes a W^(/c)-lattice in M. Let 
Isoc"'"(A;) denote the full subcategory of Isoc(A;) whose objects are the effective F- 
isocrystals. Every object of Isoc(/c) is of the form X ® T®™ with X effective. In other 
words, for each (M, Fm) in Isoc(A;), there exists an m G Z such that p^Fm stabilizes 
a lattice (Saavedra 1972, VI 3.1.3, 3.2.1). 

An F-crysta^ over a perfect field A; is a finitely generated W {k)-m.odv\e A endowed 
with a (T-linear map Fa : A ^ A such that the kernel of Fa is torsion. The F-crystals 
over k form an abelian tensor category Crys^(A;) over Zp. For an F-crystal (A, Fa), 
(A, Fa)(Q =df (Aq, Fa ® 1q) is an F-isocrystal, and the functor 

(A, Fa) (A,Fa)q: Crys+(A;)Q ^ Isoc(A;) 

is fully faithful with essential image Isoc^(A;). 

Let L = {W{k),p ■ a) be the Lefschetz F-crystal. The functor 

- ® L: Crys+(A;) ^ Crys+(A;) 

is faithful (full and faithful on torsion-free objects). We define Crys (A;) to be the 
tensor category obtained from Crys'''(/c) by inverting L. Thus, the objects of Crys {k) 
are pairs (A, m) with A an F-crystal and m G Z, and 

Hom((A, m), (A', m!)) = lim jv>m,m' Hom(A ® L®^"™, A' ® L®^""*'). 

The tensor product is defined by 

(A, m) (g) (A', m') = (A (»w{k) A', m + m'). 

The Tate object T of Crys(A;) is (1, 1). 
The functor 

A ^ (A,0): Crys+(A;) ^ Crys(fc) 

is faithful, and it is full on torsion-free objects. The forgetful functor defines an 
equivalence of the full subcategory of Crys(A;) of torsion objects with the category of 
IV(fc)-modules of finite length. 

Definition 1.6. Let A; be a field of characteristic p 0. If is finitely generated 
over Fp, 

n{k; Qp) = Isoc(F^), n{k; Zp) = Crys(F^ ). 

'^Some authors use "crystal" to mean free crystal, i.e., an M that is torsion-free (as a W{k)- 
module). 
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Otherwise, 

TZik; Zp) = \imk'ck'R-{k'; Zp), TZik; Qp) = \im k' cklZ^k' ; Qp), 

where the hmits are over the subfields of k finitely generated over ¥p. We define 
^"^(fc;Qp) and n+{k;Zp) = \im k'ck Crys+(fc'P'') similarly. 

Lemma 1.7. For each object M ofTV'{k; Zp), there is an n such that M(g)L®" de- 
composes into a direct sum of a torsion object and a torsion-free object. Consequently, 
for each M in TZ{k; Zp), Mtors is a direct summand of M. 

Proof. Let M = Mtors © Mi as W'(A;'pf)-modules, and let Fm act as (g j!). Then 
FM(S)h»" acts as (^o"p"c)- Choose n so that p" Mtors = 0, and then p"6 = 0. This 
proves the first statement, and the second follows because — ® L is an equivalence of 
categories on 7l{k] Zp) . □ 

Let (A, F) be an F-crystal. For some there exists a cr~^-linear map V: \ ^ A 
such that FV = = VF. Let A' = HomvK(fe)(A, and define F' : A' ^ A' 

by (F7)(A) = f{VX). For an object (A,F,m) of 7^(fc;Zp), define (A,F,m)v = 
(A', F', N — m). We say that (A, F, m) is reflexive if the canonical map (A, F, m) — > 
(A, F, m)"^^ is an isomorphism. 

Proposition 1.8. (a) An object oflZ{k] Zp) is reflexive if and only if it is torsion- 
free. 

(b) Every object of TZ{k\Zp) is a quotient of a reflexive object. 

Proof, (a) is a obvious. After ( p..7|) it suffices to prove (b) for a torsion F-crystal 



N . Such an is a quotient M — A^ of a free finitely generated 14^-module M. Endow 
M with the F-crystal structure such that Fm = o. After M ^ N has been tensored 
with a high power of L, it will be a morphism of F-crystals. □ 

Remark 1.9. (a) There is a canonical functor limIsoc(F5) — ^ Isoc(F), which 
is faithful and essentially surjective (Demazure 1972, p. 85) but not full (iy(F) ^ 
limVr(Fg)). 

(b) Ekedahl 1986, p36, defines a virtual F-crystal to be a triple (M, F, A) with 
(M, F) an isocrystal and A a VT-submodule of M such that B{k) ■ A = M; a virtual 
F-crystal is of finite type if A is finitely generated. The functor ((A,FA),m) 
(Aq, F\^p~"^, A) defines an equivalence of the full subcategory of Crys(A;) of torsion- 
free objects with the category of virtual F-crystals of finite type. 

The categories TZ in general. 

Definition 1.10. For a field k of characteristic p ^ 0, 

n{k;Z) = n{k;ZP) xn{k;Zp), 7^(A;; Aj) = 7^(A;; x 7^(A;; Qp) 

7^+(A;;Z) = 7^(A;; Z^) x 7^+(A;; Zp), 7^+(A;; A/) = 7^(A;; A^ x 7^+(A;; Qp) 

For a field of characteristic zero, 

n{k;Z) =n{k;Z'P), n{k; Af) = n{k; A"}) . 

Note that TZ{k]Af) = 7^(A;;Z)q. For notational convenience, we sometimes use 
TZ~^{k] Zi) to denote TZ{k; Z]) when / ^ p. 
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The motivic subcategory of 7l{k; Qi). Let M.{k; Q^) be the strictly Ml subcat- 
egory of TZ{k; Qe) whose objects are subquotients of a Tate twist of a tensor power of 
an £-adic etale cohomology group of a smooth projective variety over k. When k = ¥q, 
Ai{k; Qi) consists of the semisimple representations of F = Gal(A;'^YA;) for which the 
eigenvalues of the Frobenius generator of F are Weil g-numbers: the Weil conjectures 
(proved by Grothendieck and Deligne) imply that every object of M.{k; Q^) has this 
property, but all such representations arise already in the cohomology of abelian va- 
rieties (cf. Milne 1994, 3.7). When /c is a number field, Conjecture 1 of Fontaine and 
Mazur (1995) suggests a description of A^(A;;Q^). 

2. Adelic Cohomology 

Modules over and lattices. Recall that = Yle^Lp'^i 
stricted direct product A^ = n^^p(Q^> '^e)- 

2.1. Endow (A^)"* with its topology as the restricted direct product of the spaces 
Q^^ relative to the subspaces Z^. Every A^-hnear bijection (A^)"* — >• (A^)"* is bi- 
continuous. This allows us to endow any free A^-module M of finite rank with a 
topology by choosing an isomorphism a: M ^ (A^)"^. 

2.2. Let M be a free A?-module of finite rank m, so that Mi =df M (8)^? is a 
Q^-vector space of dimension m for all £ ^ p. A lattice in M is a finitely generated 
Z^-submodule A such that the inclusion A M induces an isomorphism A^p M; 
then A^ =df A (E)zp TLi is a Z^-lattice in for all ^ 7^ p, and A is the free Z^-submodulc 
spanned by a basis for M. Clearly, every lattice in M is compact and open, and so 
any two lattices A and A' in M are commensurable, that is, both quotients A/A fl A' 
and A'/ A n A' are finite (hence, A^ = A^ for almost all £) . Let Mq be a Q-structure 
on M. There is a canonical one-to-one correspondence between the lattices A in M 
and the lattices Aq in Mq. namely, 

A 1-^ A n Mo, Ao 1-^ its closure in M. 

2.3. Let {Mi)i^p be a family of vector spaces over the fields Q^, all of the same 
finite dimension. Two famihes {A()e^p and {A'^)e^p of lattices in the Me will be said 
to be equivalent if A^ = A^ for almost all i. To give a free A^-module of finite 
rank is the same as to give a family (M^)^^p together with an equivalence class of 
families {Ai)i^p: given a family {M^, Ai)i^p, let M = Y[{Mi, Ai); given M, choose an 
isomorphism M — > (A^)™, and let A^ be the inverse image of Z^. Let M and M' 
be the free A^-modules of finite rank defined by systems {Me, Ae)i^p and (M^, A'^)ejtp 
respectively. A family of Q^-linear maps a^: Me M^ defines an A^-linear map 
a: M — M' if and only if ae{A£) C A^ for almost all i, in which case a is injective if 
and only if ae is injective for all i and it is surjective if and only if ae is surjective for 
all £ and maps Ae onto A^ for almost all £. 

2.4. An A^-lincar map a: M ^ M' of free A^-modules of finite rank will be said 
to be of constant rank if the rank of ae =df O- is independent of £. Then the 
kernel, cokernel, image, and co-image of a are again free A^-modules of finite rank. 
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Adelic cohomology (characteristic p 0). Throughout this subsection, all 
varieties are smooth and projective over a separably closed field k of characteristic 
p 0. For such a variety V, H^'{V, — ) denotes an etale cohomology group and A^(V, r) 
denotes the image of H'{V,Ze{r)) in H'{V,Qi{r)). Thus, 

Ai{V,r) ^ H\V,Ze{r))/ {torsion}. 

Proposition 2.5. (a) The torsion subgroup of W{y,Ij() is finite for alii, and 
is zero for almost all i. 

(b) Assume V is connected of dimension dy and fix a prime d- ^ p- If the cohomol- 
ogy groups H^{V, TLg) of V are torsion-free for all j , then the pairing 

H\V,Qe) X H'^--'{V,Qe{dv)) ^ H'^- {V,Q,{dv)) = Qe 

induces a perfeci^ pairing on the cohomology groups with coefficients in Z^. 

(c) Let W be a second variety over k and fix a prime i ^ p- If the groups H^V, Z^) 
and H^{W, Z^) are torsion-free for all i and j , then the Kiinneth isomorphism 

i+j=r 

induces an isomorphism on the groups with coefficients in Z^. 

Proof, (a) The finiteness of the torsion subgroup of WiV^'Li) is a standard 
result, and the rest of statement (a) is proved in Gabber 1983. 

(b) The pairing on the cohomology groups with coefficients in Z^ is the unique 
pairing for which the diagrams 

H\VM X H^''^-\VMdv)) > H^''^{V,Mdv)) = Ze 

H\V,Z/ n)xH^'^^-\V,{Z/ n){dv)) ^ i/2dv(\/,(Z/£™Z)(dy)) ^z/n 

commute for all m. The lower pairing is perfect and the vertical maps are the cokernels 
of multiplication by f'" on H\V, Z^) and H'^'^v-\V, Zi{dv)) because we are assuming 
there is no torsion. This implies (even with m = 1) that the discriminant of the top 
pairing is an £-adic unit, and so the top pairing is also perfect .0 

(c) This is a standard result. □ 

Definition 2.6. For V as above, if*(V, A^(r)) is the restricted direct product of 
the spaces if*(V,Q^(r)) with respect to the lattices A*(V, r). Equivalently, 

where H'{V,ZP{r)) = lim^n,p)=iH'{V, fj.^^). 

bilinear form M x N ^ R oi i?-niodules is nondegenerate if its left and right kernels are zero, 
and perfect if the maps M Hom/j(iV, R) and Homfl(M, R) it defines are isomorphisms. 
^We thank M. Nori for this proof, which is simpler than our original. 
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Remark 2.7. (a) Because the Betti numbers of a smooth projective variety arc 
independent of I, H^{V, A^) is a free A^- module of finite rank. A regular map a: V ^ 
W defines an A^-linear map a*: W{W,MFf) H\V,^). 

(b) For a connected V , the proposition implies the following: 
the pairings in (b) of the proposition define a perfect pairing 

H'{V,AP) X H^'^^-'{V,AP{dv)) H^'^^{V,AP{dv)) ^ A^ 

of free A^-modules of finite rank. 

In other words, Poincare duality holds for A^-cohomology. This implies that the map 
a* in (a) has an A^-linear adjoint 

a, : H\V, A^(dy)) ^ //i+2<iv^-2dv A^^idw)), j = 2dv - i. 

(c) Part (c) of the theorem implies the following: there is a canonical isomorphism 
of free A^-modules of finite rank 

E'{y X A^) ^ E\V, A^) (8) E\W, A^). 

(d) Assume (for simplicity) that V is connected. Let / be an algebraic corre- 
spondence of degree r from V Xo W with rational coefficients, i.e., an element of 
Z^v+ri^ X Vr)Q. For all but finitely many £, / will be ^-integral, and so its £-adic 
cohomology classes define an element cZ(/) e xl^, A^(dy-l-r)). Combining 
this remark with (b) and (c), we obtain a map (also denoted /) 

X ^ qw*{d{f) U q*yx) : H'{V, A^(m)) ^ W+^'-iW, A^(m + r)) 

for all m. Here qw and qv are the projection morphisms. 

Remark 2.8. The main theorem of de Jong 1996 shows that Gabber's theorem 
(Gabber 1983) holds also for the cohomology with compact support of arbitrary 
varieties over separably closed fields. Thus, appropriately interpreted, so do the 
remaining results of this subsection. 

Adelic cohomology (characteristic zero). Let V he a variety (not necessarily 
smooth or projective) over an algebraically closed field k of characteristic zero. For 
any model Vo/Zcq of V over an algebraically closed subfield kg of k and embedding 
ko ^ C, 

The group if*(Vo(C),Z) is finitely generated, and so H^{V,Zi) is torsion-free for al- 
most all I. The results in the last subsection hold mutatis mutandis for the group 
H^{V, Af{r)) defined to be the restricted topological product of the H^{V,Qi) with 
respect to the A;(V,r). For any choice of a pair Vq/Zcq, ko ^ C as above, 

H'{V, Af) ^ W{Vo, Af) ^ W{Vo{C),Q)^^. 

3. An Adelic Tate Conjecture 

Throughout this section, y is a smooth projective variety of dimension d over a 
field k. For i ^ char(/c), H^{V,Zi{r)) denotes the etale cohomology group. We let k 
= /c^^P and V^V/k. Finally, F = Gal{k/k). 
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Conjectures on algebraic cycles in i-adic cohomology. The group ZI^_^^^{V) 
is the co-image of the cycle class map Z'^{V) — > Z^(r)), and -^num(^) 

quotient of Z^{V) by numerical equivalence. 

Recall (Tate 1994) that, when k is finitely generated over the prime field, there 
arc the following conjectures. 

T'-(V/k,£): The cycle map ZI^^JV)q, ^ H^'' {V , Qeir)^ is surjective. 

E^(V/k, £): The quotient map -^J.hom(^)Q ~^ Z^^^(V)(q is an isomorphism. 

F(V/k,£): The cycle map ZI,^^Jv)q^ ^ H''' {V , Qe{r)) is injcctivc. 

S"(V/k,£): The map H^'{V,Qe{r)f H'^'-{V,Qe{r))r induced by the identity 
map is bijective. 

An adelic Tate conjecture. 

Lemma 3.1. Assume k is finitely generated over the prime field. If T'^{V/k,£), 
T'^~^{V/k,i), and S'^{V/k,i) hold for almost all i, then the cycle class map 

is surjective for almost all i. 

Proof. According to Tate 1994, 2.9 (c)^(d), the conditions imply that E''{V/k, £) 
and E'^-'-{V/k,t) hold for almost all I. 

Note that E''{V/k,e) imphes Zl^^^{V) / {torsion} = Z^^^{V), which is finitely 
generated (see, for example, Milne 1980, VI 11.7). Therefore, for those i for which 
E^{V/k,e) and E'^-^{V/k,e) hold, 

^;-hom(V^)/{torsion} x Z,t;^(\/)/{torsion} ^ Z 

is a nondegenerate pairing of finitely generated abelian groups whose discriminant D 
is independent of i. 

Consider the diagram 

ZhoJVhe X ZlZJVh, Z, 

H^''{V,Z^{r))^xH^'^-^''{V,Ze{d-r)f 

For those i for which T^{V/k, i) and T'^~^{V/k, i) hold, the vertical arrows have finite 
cokernel. 

For those £ for which 

- the groups H'^'^ (V , Zi{r)) and H^'^^^'^{V,Zi{d - r)) are torsion-free, 

- E'-iV/kJ) and E'^-''{V/k,i) hold, 

- T'-iV/kJ.) and T'^-'\V/k,t) hold, and 

- ^ does not divide 

the vertical maps are surjective. Since these conditions hold for almost all primes 
this proves the lemma. □ 

Theorem 3.2. Letk he as m the lemma. IfT''{V/k,i), T'^-'' {V / k , i) , and {V / k , I) 
hold for all £ ^ p, then the cycle class map defines a bisection 

Znu^{V)^^^^H^^{VA^^{r)f. 
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Proof. We have to show that the cycle class map Z^'{V) H'^^'{V, 1^e{r)) defines 

(a) a bijection Z;;^^(V^)q, ^ H^'-iV, Q,(r))r for all i + p, and 

(b) a surjection Z^^^{V)i,i ~^ Aj'^(y,r)^ for almost all i. 

Applying Tate 1994, 2.9, we see that E''{V/k,e), r{V/k,e), and T'{V/k,i) hold for 
all i ^ p. This implies (a), and (b) follows from the lemma. □ 

Corollary 3.3. Let V be a (smooth projective) variety over Fg, and let r be an 
integer. The following statements are equivalent: 

(a) for some prime £ ^ p, dimq Zl^^{V) = dimq^ H'^'^iV, Q_i{r)Y ; 

(b) the order of the pole of the zeta function Z{V, t) of V at t = q^^ is equal to the 
rank of Z^'^^^iV); 

(c) the cycle class map defines a bijection Zl^^^iy)^ H'^^{V,A^j{r))^ . 
Proof. Apply Tate 1994, 2.9, and the theorem. □ 

Counterexamples to an integral Tate conjecture. Assume k is finitely gen- 
erated over the prime field, and consider the cycle class map 

Z^{Vh,^H''^XV,Ze{r)f. (3) 

Over infinite fields k there exist V^'s without a rational zero cycle of degree 1 (for 
example, any curve of genus zero without a rational point or any curveQ of genus 1 
with index ^ 1) and for such a variety (^) will fail to be surjective for r = d and 
suitable i. The argument that Atiyah and Hirzebruch (1962) used to prove that 
not all torsion cohomology classes on a complex variety are algebraic (contradicting 
Hodge's original conjecture) also applies over finite fields^ and proves that (H) is not 
surjective on torsion classes. 

Griffiths and Harris (1985) conjecture that if y is a very general hypersurfaceQ of 
degree d > 6 in P^, then d divides the degree of every curve on V. Kollar has obtained 
some results in the direction of this conjecture (see Ballico et al. 1992, p. 135). Thus, 
it is known that, if k is an uncountable algebraically closed field and £ > 3 is distinct 
from the characteristic of k, then there exist smooth hypersurfaces V gF^ such that 
the cycle class map 

Z\V)^^-^H\V,M2)) = Ze 

is not surjective (cf. Schoen 1998, 0.6). 

We do not know of an example with k finite for which (^ is not surjective modulo 
torsion (however, Schoen 1998, 2.1, gives an example with V singular). For r = 1 and 
k finite, one sees from the Kummer sequence that T^{V/k,i) implies that the map 
(D is surjective. 



^For such a curve, even CH^{V)^ °°'°°> Z fails to be surjective (Lang and Tate 1958). 

''For this, one needs to use that the odd-dimensional Steenrod operations with values in 
H*{V,Z/iZ) vanish on algebraic cycles (Brosnan 1999). 

*A statement is said to hold for a very general hypersurface of degree d if it holds for all 
hypersurfaces in the complement of countably many proper subvarieties of the space of hypersurfaces 
of degree d. 
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4. The Adelic Fibre Functor 

Isomotives. Fix a field k of cliaracteristic exponent p, and let 5 be a class of 
smooth projective varieties over k satisfying the following condition: 

4.1. S is closed under passage to a connected component and under the formation 
of products and disjoint unions, and it contains the zero-dimensional varieties and 
the projective spaces. 

4.2. Fix an adequate equivalence relation ~. Recall that, for smooth projective 
varieties V and W over k, the group of correspondences of degree i from ^ to is 

Cott\V, W) = ^jZi'^^^^^^+'iVj X W)q 

where the Vj are the equidimensional components of V. 

4.3. The category CV^{k) of correspondences based on S, has one object hV for 
each V & S, and 

Romcyo^^k){hV,hW) = Corr°(V, V^)q. 

With the definition 

hV^hW^ h(V X W) (4) 

and the obvious constraints, CV^{k) becomes a tensor category over Q (Saavedra 
1972, VI 4.1.1). 

4.4. The category of effective isomotives Ait,{k', Q', S) is the pseudo-abclian hull 
of CVi{k). Its objects are pairs {hV,e) with e an idempotent in End{hV). It is a 
pseudo-abelian tensor category over Q. 

4.5. In Ali(A;;Q;<S) there is a canonical decomposition 

hF^ = 1® L, 

and the category of isomotives M.,^{k;Q;S) is obtained from A4^{k;Q;S) by in- 
verting L (Saavedra 1972, VI 4.1.3.1). Its objects are pairs ((/iV,e),m) with {hV,e) 
an effective motive and m e Z. It is a pseudo-abelian rigid tensor category over Q 
(Saavedra 1972, VI 4.1.3.5). We sometimes write h{V,e,m) for {{hV,e),m). 

4.6. We say that the Kiinneth projectors are algebraic for a smooth projective va- 
riety V if this is so for the /-adic etale cohomologies for al\l ^ p and the crystalline co- 
homology (characteristic p 7^ 0). There are then well-defined elements tt' G ■^num(^)Q 
(independent of the cohomology theory) that give these projectors for each cohomol- 
ogy theory (when k is finite, this follows from the Riemann hypothesis, and when k 
is arbitrary it can be proved by a specialization argument). 

When the Kiinneth projectors are algebraic for all V vaS, we use them to modify 
the commutativity constraints in Ali(A;; Q; 5) and A1^(A;;Q;<S) (Saavedra 1972, VI 
4.2.1.5). 
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For the remainder of this section, we assume that ~ is not coarser than £-adic 
homological equivalence on Z^'{V)q for any i ^ p, so that the formula 

uJeih{V, e, m)) = e {H*{V, Qiim))) , V = V,.cp, 

defines a tensor functor uji: Air^{k; Q; S) Vec(Q^), and we drop ~ from the nota- 
tion. 

The adelic fibre functor. With the notation of ([2.6[), define 

Because of (|2.7|d) and our assumption on ~, a correspondence / of degree from V 
to W defines a homomorphism uj'^{f) '■ uj^{hV) —>■ uj^{hW), and one sees immediately 
from the definitions that uj^{f o g) = ^^{f) ° ^^{g)- The isomorphisms 

ujP{hV ® hW) i ujP{h{V X W)) 9" io^ihV) ® uj^ihW) 

provide with the structure of a tensor functor CV^{k) Mod(Ap. It is Q-linear 
(in particular, additive). 

Theorem 4.7. The functor ujP : CV^{k) Mod(Ap extends (essentially uniquely) 
to a Q-linear tensor functor uj^: Ai{k; Q; S) Mod(A^). For each i ^ p, uj^ C?>a'' 

Proof. As Mod(Ap is abelian, ujP extends (essentially uniquely) to M^{k; Q; S) 
because of the universality of the pseudo-abelian hull. Because ujP{L) = A^(— 1) is 
invertible in Mod(Aj), has an essentially unique extension from Ai~^{k;Q;S) to 
M{k;Q;S). For V e S, ujP{hV) O^^, = uJe{hV), and this property is preserved 
under each extension. □ 

Remark 4.8. There is the following formula, 

ujP{h{V,e,m)) = e{H*{y,AF^{m))) 

where, on the right, e denotes the map defined in ( |2.7| d). For a motive X = h{V, e, m), 
define \e{X) to be the image of 

H*{V, Mm)) ^ H*{V, Q,(m)) A H*{V, Q,(m)). 

Then, ujP[X) is the restricted direct product 

u^{X) = l[{u;,XX),X,{X)). 

Proposition 4.9. // ~ is numerical equivalence and the Kiinneth projectors of 
all varieties in S are algebraic, then for all isomotives X, 

(a) uj^{X) is a free A^j-module of finite rank; 

(b) for all morphisms a of isomotives, uj^{a) has constant rank. 
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Proof. The hypotheses imply that A4{k;Q; S) is a Tannakian category over Q 
(Jannsen 1992). For any fibre functor on a Tannakian category with values in the 
vector spaces over a field, and any morphism a: X —>■ Y in the category 

dim(cj(X)) = rank(X) 

rank(u;(a)) = rankX — rankKer(a). 

In particular, dim(u;(X)) and rank(co'(a;)) are independent of u. When we apply this 
statement to the functors ui, we obtain the theorem. □ 

Remark 4.10. Because we are assuming ~ is not coarser than £-adic homological 
equivalence, the hypotheses of the proposition are that, for all i p, numerical 
equivalence coincides with £-adic homological equivalence on algebraic cycles with Q- 
coefficients and that the Kiinneth projectors are algebraic. Without these hypotheses, 
the conclusion is not known (see the discussion Katz 1994, p. 28, (3)). 

The functor ljP: M{k;Q;S) ^7^(A;;Ap. 

Theorem 4.11. The functor ui has a canonical factorization through the forgetful 
functor 7l{k;Q£) — > Vec(Q^). Under the hypotheses of the functor uj^ has a 
canonical factorization through the forgetful functor TZ{k; A^j) Mod(Aj). 

Proof. Let V & S. When k is finitely generated over the prime field, there is a 
canonical continuous action of GaA{k^'^''^ / k) on H^{V,Qi{m)), which therefore lies in 
7l{k; Qi). For any correspondence / G Corr^(V, W), the map 

respects the actions of Gal{k^'^^ /k). Therefore, the functor 

has a canonical factorization through the forgetful functor TZ{k; Q^) Vec(Q£). The 
argument for uj^ is similar. 

For an arbitrary field k, any varieties V, W and correspondence / will have models 
Vi, Wi, fi over some subfield ki of k finitely generated over the prime field. The image 
of uji{fi) : uJiiYi) oJiiWi) under the functor 7l{ki] Q;) — > TZ{k] Q;) is independent of 
the choice of /ci, Vi, Wi, fi. Thus, the statements hold also for k. □ 

5. The Category of Motives 

We fix a field k of characteristic exponent p, and a class S of smooth projective 
varieties over k satisfying the condition ( [4.1|) and such that 

(a) for all V in 5, the Kiinneth projectors are algebraic, and 

(b) for all V vnS and all / (including p), numerical equivalence coincides with Z-adic 
homological equivalence for algebraic cycles with Q-coefficients. 

Let M^{k] Q) and M{k] Q) be the categories ^(fc; Q; S) and yWnum(A;; Q; S) de- 
fined in [4.6| . Recall that they are semisimple abelian Q-categories (Jannsen 1992) and 
that M{k]Q) is Tannakian (Deligne 1990). 

Because uji is a fibre functor on A^(A;; Q), the map 

Hom^(fc;Q)(X,y)Qj Hom7^(fc;Q,)(t^i(X),t^i(F)) (5) 
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defined by ui is injective (Deligne 1990, 2.13). It follows that it is also injective when 
A4 and 71 are replaced by and 7^+. We say that the l-adic Tate conjecture holds 
for A^(fc; Q) or A^+(A;; Q) if the corresponding map is an isomorphism for /. 

While conditions (a) and (b) are conjectured to hold for all smooth projective 
varieties, they have been proved for very few varieties (see Kleiman 1994 for a list). 
In the final subsection of this section (Variants, pp2D, we list some alternative cate- 
gories 7W^(/c;Q) and A1(A;;Q) to which our constructions apply, but which require 
no unproven conjectures. 

Our construction of Ai{k; Z) is suggested by the following simple observation: for 
a finitely generated Z-module M, M = x jv/^^. Mq; therefore, any category whose 
Hom-sets are finitely generated Z-modules admits a fully faithful functor into the 
fibre product of a Z-category with a Q-category over a Aj-category. 

The category of effective motives A^+(A;;Z). 

Definition 5.1. The category of effective motives }A^{k\'L) over k is the full 
subcategory of the fibre product category 

7^+(A;;Z) x^+(fc.A,) A<+(fc; Q) 

whose objects (X/,Xo,x/) are those for which the torsion subgroup of Xf is finite. 

Thus, an effective motive X over A; is a triple (Xj,Xo,x/) consisting of 

(a) an object Xj = {Xi)i of 7l~^{k] Z) such that Xi is torsion-free for almost all I, 

(b) an effective isomotive Xq, and 

(c) an isomorphism xj: {Xf)Q — > LJf{Xo) in 7l~^ {k; Af). 

A morphism of effective motives a: X Y is a pair of morphisms 

(af. Xj Yf, ao: Xo-^ Fq) 

such that 

f Vf 
UJf{Xo) > UJf{Yo) 

commutes. We say that a motive X = {Xf, Xq, xj) is finite if Xq = 0. 

Note that to give {Xj, xj) amounts to giving an Xi in TZ{k] Z;) for each I together 
with homomorphisms Xi: Xi uJi{Xo) that induce isomorphisms Xi — > A;(Xo) for 
almost all / and isomorphisms {Xi)q uji{Xq) for all /. We usually regard x/ as 
a map Xf ujf{Xo) with finite kernel. We use the notations: Xf = X^ x Xp, 
X^ = Y[i=/=pXi, Xf = x^ X Xp, = X ap. 

Proposition 5.2. The category M'^{k;Z) is abelian. A sequence 

X ^Y ^ Z 

in J^^{k; Z) is exact if and only if the sequences 

Xq —>■ Yq Zq and Xf ^ Yf ^ Zf 

are exact in Ai~^{k] Q) and TZ^{k] Z) respectively. 
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Proof. Both statements are true for the fibre product category, and so it remains 
to show that A^+(A;;Z) is closed under the formation of kernels and cokernels in 
the larger category. Any subobject of an object in A4~^{k]7j) is also in Ai^{k]Z). 
Therefore, Ai~^{k]Z) is closed under the formation of kernels, and, in proving that 
the cokernel of a is in A4^{k; Z), we may assume that a is injective. Thus, given a 
short exact sequence 

in the fibre product category with X, Y in Ai^{k; Z), we have to show that Z is in 
Ai^{k; Z). As A4~^{k; Q) is semisimple, the sequence of A4^{k; Q)-components splits. 
But is additive, and so 

_ ujP{Xo) u^iYo) ^ uj^iZo) ^ 

is split-exact, which implies that 

^ A,(Xo) ^ Xe{Yo) ^ X,{Zo) ^ 

is split-exact for almost all i. In turn, this implies that 

O^X,^Ye^Z,^0 

is split-exact for almost all i. Thus, the torsion subgroup of Ze is zero for almost all 
£ and finite for all i, which shows that Z is in + Z). □ 

Corollary 5.3. Let X and X' he suhmotives of an effective motive Y , and let 
X n X' = X xy X'. //Xo = Yo, then the cokernel Z of X n X' ^ X' is finite. 

Proof. Because X i-^ Xq is exact, (X xy X' X')o = (Xq xy^ Xq Xg), 
which is an isomorphism if Xq = Yq. □ 

Proposition 5.4. The category Ai^{k;Z) is noetherian (i.e., its objects are noe- 
therian). 

Proof. Let 

X(l) C X(2) C X(3) C ■•• 

be a sequence of a submotives of an effective motive Y. Eventually, the sequence 
X(l)o C X(2)o C ■ ■ ■ becomes stationary, equal, say, to X(oo)o C Yq. Let X(oo)j = 
Yf >^ujf{Yo) '-^/(-^(oo)o). Then X(oo) = (X(cxd)j, X(cxd)o, ■) is an effective motive, and 
X(l) C X(2) C ■ ■ ■ is a sequence of submotives of X{oo) such that X(r)o = X(oo)o 
for r > ri, some ri. Now X(oo)/X(ri) is finite and so the sequence X(l) C 

X(2) C ■ ■ ■ becomes stationary. □ 

Lemma 5.5. Given a morphism (3: Xq —>■ Yq of effective isomotives, there exists 
an integer m such that m(3 is in the image o/Hom(X, F) Hom(Xo,lo)- 

Proof. We have to find an integer m and morphisms ai such that the diagrams 

X Y 



Vl 



w/(Xo) > ^i\Yq) 
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commute. Because uJi{l3) is the /-component of a homomorphism u)'^{Xq) uj^{Yq), 
it maps xi{Xi) into yi{Yi) for almost all /, and so there exists an integer m such that 
muji{(3) maps xi{Xi) into yiiYi) for all /. Choose an integer n that kills the torsion in 
Yi for all I. Then the map 

> xiXi > yiYi = yi/torsion. 

lifts to a map — > YJ. □ 

Proposition 5.6. For all X,Y in M^{k;Z), Hom(X, F) is a finitely generated 
Z-module (modulo p-torsion when k is infinite and p 7^ Ij. 

Proof. As Hom(X, F) C End(X © Y), it suffices to show that all endomorphism 
rings are finitely generated Z-modules (modulo . . . ). Because is faithful, X Xf 
is faithful. In particular, the map 

a^af. End(X) End(X/) 

is injective, and so the torsion subgroup of End(X) is contained in that of End{Xf), 
which is finite except possibly for the p-torsion when k is infinite and p ^ 1. The 
kernel of the map 

a^ao: End(X) End(Xo) 

is obviously torsion, and so it remains to show that its image R is finitely generated 
over Z. If /3 G End(Xo) is in R, then uji{(5) stabilizes the lattice xi{Xi) for all I. Thus, 
the characteristic polynomial of (3 has coefficients in Z C Q. Let ai, . . . , a„ be a basis 



for End(Xo) as a Q-vector space. According to Lemma |5.5| , after possibly replacing 
each ai with mai for some integer m, we may suppose that each G R. Because 
M.^{k; Q) is semisimple, End(Xo) is a semisimple Q-algebra, and so the trace pairing 
TrEnd(Xo)/(Q('^/5) is nondegenerate. Therefore, there is a Q-basis . . . , /5„ for 
End(Xo) dual to ai, . . . , Now the usual argument shows that 

i? C Z/5i + ■ ■ ■ + Z(3n- 

Namely, let (3 & R. Then (3 can be written uniquely as a linear combination (3 = 
bjPj of the jSj with coefficients bj G Q, and we have to show that each bj G Z. As 
ai and /? are in R, so also is P ■ ai, and so Tt{/3 ■ ai) G Z. But 

Tr(/3 ■ ai) = Tr(^ bj(3,ai) = ^ b, Tr(/3,«i) = h,. □ 
j j 

Remark 5.7. (a) If Y has no p-torsion (i.e., Yp is torsion- free), then IIom(X, Y) 
has no p-torsion and hence is finitely generated over Z. 

(b) Let p 7^ 1. The effective motive X with Xq = and Xf = Xp = k {F acting 
as zero) has End(X) = k. The same phenomenon occurs with subgroup schemes 
of abelian varieties: a supersingular elliptic curve has ap = Spec k[T]/(TP) as a 
subgroup, and End(ap) = k. 

Proposition 5.8. The functor X ^ Xq: M^{¥]Z) 7V/1+(F;Q) defines an 
equivalence of categories 

M + iW: Z)o^A^ + (F: Q). 
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Proof. Because the kernel of 

a I— > ao : Hom(X, Y) Hom(Xo, Yq) 

is torsion, the map 

r O a rao : Q ® Hom(X, Y) Hom(Xo, ^o) 
is injective, and Lemma |5.5| shows that it is surjective. Thus, the functor is faithful 



and full. Given an X in Ai^{k; Q), clearly there exists an in TZ~^{k; 7/) such that 
{Xp)q ^ ujP{X). Using this, one sees that X Xq is essentially surjective. □ 

Remark 5.9. An object X of M.^{k;Z) is said to be torsion if mX = for 
some m (equivalently, X is finite). The torsion objects form a thick subcategory of 



Ai~^{k; Z) and Proposition |5.8| shows that the functor 

X^Xq: M^{k; Z) M+{k; Q) 
realizes Ai^{k] Q) as the quotient of Ai^{k; Z) by its subcategory of torsion objects. 

Proposition 5.10. The functor 

M+{k-z)^^^n+{k-Zi) 

defined by X Xi is faithful; it is full if and only if the l-adic Tate conjecture holds 
forM+{k;Qi). 

Proof. We first show that 

z^a^ zar. Zi®i B.om.M+{k;-L){X, Y) Hom7^+(fc.2j)(Xi, Yj) 

is injective. The torsion subgroup of Z; ® Hom;K+(fc.2)(X, Y) is equal to the /-primary 
component of the torsion subgroup of Hom_A4+(fc;Z)(Ar, y), and this maps injectively 
to Hom7^+(fc.2j)(X;, yj) (because the functor X ^ Xj is faithful). Thus, the kernel of 
z ® a ^ zai is torsion-free. Consider the diagram 

Zi®zRom{X,Y) > Romn+(^k;Z,)iXi,Yi) 



Hom(Xo, Fo) ^ 'H-om'ji+i^k;Qi)i^ii^o),^i{Yo)). 

The left vertical arrow is obtained from 

Hom(X, Y) Hom(Xo, Yq) 

by tensoring with Z;, and hence has torsion kernel ( |5.8| ). The bottom arrow is injective 
(^). Hence, the kernel of the top horizontal arrow is torsion, but we have already 
shown it to be torsion-free; it is therefore zero. 

We next show that the cokernel of z a ^ zai is torsion-free. Suppose that 
P G Hom7j+(fc.2;)(X;, Yi) is such that = zai for some m e N, a G Hom(X, Y), and 
z E Zi. Because z « t— > zai is (obviously) surjective on torsion, we may suppose 
that z is not divisible by /. Then ai is divisible by in Hom(X;,Yj). For /' ^ I, 
is a unit in Z^/, and so ai' is also divisible by . Now a', with 

= /"™ao, a'l = z~^P, a'li = I'^^av for /' ^ I 

is a morphism X — > y such that za'i = (3. 
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Finally, we assume the /-adic Tate conjecture for A4^{k;Q), and we prove that 
the cokernel of z ® a zai is torsion. For this, it suffices to prove that 

®z Hom(X, Y)^Q®-E Hom^+(fc.2;,)(Xi, ¥{) 

is surjective. But this follows from the isomorphisms 

Q ®z Hom(X, Y) © Hom(Xo, Fq), 

and 

Qi (g)Q Hom(Xo,yo) Hom7^+(fc.Q,)(u;i(Xo),a;,(Yo)) = Q ®z Hom7^+(fc.2;,)(Xi, Yj). 

□ 

Proposition 5.11. The category 

M+{k; Z) = limfc/A^+(A;'; Z) 

where k' runs over the subfields of k finitely generated over the prime field. 

Proof. The statement is true for each of the categories Ai^{k; Q), TZ'^{k\ Z), and 
IZ'^ik; Af), and it follows easily for their fibre product and its subcategory J\4'^{k; Z). 

□ 

The category of motives. 

Definition 5.12. The category of motives M.{k\'L) is the full subcategory of 

n{k-±) ^n{k-Af) M{k-Q) 

whose objects (Xj,Xo,x/) are those for which the torsion subgroup of Xf is finite. 

The results in the previous subsection hold mutandis mutatis for A^(fc;Z) — in 
particular, A^(/c;Z) is a noetherian abelian category whose quotient by its torsion 
subcategory is 7W(A;; Q). 

Proposition 5.13. The evident functor M^{k;Z) M{k]Z) is faithful, and 
it is full on torsion-free objects (on all objects when k has characteristic zero). It 
realizes Ai{k; Z) as the category obtained from Ai~^{k; Z) by inverting L. 

Proof. Straightforward. □ 

Remark 5.14. (a) When k = Q there is a canonical functor from Ai{k; Z) to the 
category of systems of realizations over Q with integer coefficients defined in Deligne 
1989, 1.23. 

(b) Let k he a subfield of C, and let A4{k] Q) be the category based on a class 
S satisfying ([4.1|) but using the "motivated" classes as correspondences (Andre 1996, 
4.2). In this case, our definition of Ai{k] Z) is equivalent to that of Andre (ibid. 8.1). 
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Artin motives. Fix a separable algebraic closure k of k, and let T = Qa.l{k/k). 
The category of Artin isomotives is the full subcategory M.^'^^™{k; Q) of M.'^{k; Q) 
of objects of the form X = hV with V a variety of dimension 0. For such an X, 
define /To(X) = 7ro(V") — it is a finite set with a continuous action of F. The functor 
H: X ^ Q'ro(x) Map(7ro(A),Q) defines an equivalence of M^'^'^'ik-'^) with the 
category 7^(F; Q) of continuous representations of F on finite-dimensional Q-vector 
spaces (cf. Dehgne and Milne 1982, 6.17). Hence, A1^'^*^°(A;; Q) is a Tannakian 
category. 

We define the category of Artin motives to be the full subcategory A^'^''*'°(A;; Z) 
of M'^{k] Z) of objects X such that Xq is an Artin isomotive and (when p ^ 1) Fx^ 
is bijective. 

Recall (Saavedra 1972, VI 3.1.2; Demazure 1972, p. 69) that there is a fully faithful 
functor 

7: 7^(F; Zp) ^ Crys+(PO = 7^+(A;; Z^) (6) 

whose essential image consists of the crystals with bijective F. Let X be an Artin 
motive. When p 7^ 1, we choose X'^ G 7^(F; Zp) so that 7(Ap) = Xp, and we let 
uj'p^Xq) = (A'p)q; otherwise we set A^ = = uj^^Xq). Define H\X) so that the right 
hand square in the following diagram is cartesian: 

> //(A)tors > H{X) > H{Xo) 

. X X;„,, . X^ X a; . u^Xo) X c.;(Ao) 

The diagram is exact and commutative, and H{X) is a finitely generated Z-module 
with a continuous action of F (discrete topology on H{X)). 

Proposition 5.15. The functor H : M^'^'^{k]'L) n{T]'L) is an equivalence of 
categories. 

Proof. The functor H : M^''^"^{k; Q) Tl{T; Q) defines an equivalence of cate- 
gories 

7^(F; Z) Xmr-M) -M^'""°(A;; Q) ^ 7e(F; Z) Xn(m) 7^(F; Q) = 7^(F; Z) 
and 7 defines a full faithful functor 

7e(F;Z) X7e(r;Q) A^^^"°(^;Q) ^ 7e(^;Z) x^(fe.A,) A^^^«°(A;;Q) 
whose essential image is M.^^^^^{k; Z). □ 

Rationally decomposed one-motives. Recall that a one-motive is a triple 
(G, A, li) with G a semi-abelian variety, A a finitely generated free Z-module on 
which F acts continuously, and u a F-homomorphism A — > G{k^^^). A one-motive 
A G is said to be decomposed if = and the extension 

0— >T— >G— ^A— >0 (Ta torus, A an abehan variety) 

splits, and it is rationally decomposed if it is isogenous to a decomposed one-motive. 
Over a finite field, every one-motive is rationally decomposed. The one-motives form 
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an additive category A4i{k) with the decomposed and rationally decomposed one- 
motives as additive subcategories J^f{k) C A4^^{k) C Aii{k). 

Choose a quasi-inverse F: 7^(^; Z) M^'^'''{k; Z) to the functor H of ( pJfSD . 

Proposition 5.16. ForL = {X ^TxA) inMf{k), define hL to be the effective 
motive F{X) © h\A ® F{X^{T){1)). Then h extends to a functor h: Ml\k) 
Ai^{k;Z). (Here h^A denotes h^A endowed with the Z-structure provided by the 
maps H\A,Zi) ^ H\A,Qi).) 

Proof. Let L be a rationally decomposed one-motive. There exists a decomposed 
one-motive L' and an isogeny a: L ^ L' such that (L', a) is universal, and a induces 
isomorphisms uj^{L) = ujP{L') and Wp{L) = u!p{L'). We define hL to be the isomotive 
(/iL')o equipped with the structures 

XPL uP{L) ^ ujP{L') = ujP{{hL')^) 

XpL ^ ujp{L)=u}p{L')=u}p{{hL%). □ 

Proposition 5.17. The functor h: M''i{k) M^{k] Z) is fully faithful (except 
possibly when k has characteristic 2 and is not algebraic over ¥2). 

Proof. It suffices to prove this in the case that k is finitely generated over the 
prime field, in which case it is a consequence of the following theorem of Tate (1966a), 
Zarhin (1975), Faltings (Faltings and Wiistholz 1984), and de Jong (1998): for abelian 
varieties A and B over k, the map Homfc(v4, i?)^, — > Hom7^(fc.2j)(T/y4, T/_B) is bijective 
(except possibly when k has characteristic 2 . . . ). □ 



Remark 5.18. Propositions |5.16| and 15.17] show that, for any two rationally de- 



composed one-motives L, M, there is an injective homomorphism 

Ext^^(,)(L,M) ^ Ext\,+^,.^^{hL,hM). 

This map will not in general be surjective because an extension of two Vr[F]-modules 
for which there exist maps V with FV = p = VF need not be similarly endowed. In 
fact, the formula Milne 1968, Theorem 3, for the order of the Ext^ of abelian varieties 



disagrees with that in Theorem 10.1 below. 



The category A^(Fq;Z). For a motive X = h{V,e,m) over F^, the Frobenius 
endomorphism of V/¥q defines a canonical Frobenius element ttx G End(X). For a 
motive X over F, each model Xi/F^n of X defines a pair (7r,n) with vr equal to ttxi 
regarded as an endomorphism of X. Any two pairs (vr,n), (7r',n') arising in this way 
are equivalent in the sense that for some integer m > 0. The germ of 

a Frobenius endomorphism of X is the equivalence class of pairs containing the pair 
arising from one (hence, every) model of X over a finite field. 

Proposition 5.19. Assume the Tate conjecture holds for M(¥;Q). Then 

X h-. X/f: M{¥pn;Z) M{¥; Z) 

defines an equivalence of M. (F^n ; Z) with the category of pairs (X, vr) consisting of a 
motive X in A^(F;Z) and an endomorphism tt of X such that (vr, n) represents ttx- 
A similar statement holds for effective motives. 
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Proof. Easy consequence of the similar statement for isomotives (Milne 1994, 
3.5). □ 

Remarks on the definition of A^(A;;Z). 

5.20. As Andre notes (1996, 8.1), in view of the counterexamples of Atiyah and 
Hirzebruch (1962) to the original Hodge conjecture, it would be "peu judicieux" to 
define a category of integral motives by using algebraic cycles with integer coefficients 
in Grothendieck's construction, in other words, with 

There is also the difficulty of knowing what to replace the pseudo-abelian hull with. 

With our definitions, a smooth projective variety V defines a complex of mo- 
tives, rather than a motive (see an article in preparation), but we can make the ad 
hoc definitions: k^^V is the isomotive k^V with the Z-structure provided the maps 
H^'{V,Zi) H^'{V,Qi), and h^V = (Bh'^V. If V has torsion-free cohomology, then 

Hom(l, hV) = Z^Z^iV xV)n End{H*{V, Zi)). 

There is a map from Z^™^(V" x V) to this group, but it will not always be onto (p (TT|) . 

5.21. J-M. Fontaine has pointed out to us that there is an incompatibility be- 
tween our definitions in characteristic and in characteristic p: in the first case, we 
use the etale cohomology to define the integral structure at every prime, whereas in 
characteristic p we use the crystalline cohomology at the prime p; but the crystalline 
cohomology in characteristic p corresponds to the de Rham cohomology in charac- 
teristic zero, and the integral structures on the de Rham cohomology and the p-adic 
etale cohomology do not agree. We do not know how to resolve this problem (or even 
whether it is resolvable). 

Variants. We list some alternative categories Ai{k] Q) to which our construction 
applies. 

5.22. Let S consist of the smooth projective varieties over k for which the Kiinneth 



projectors are algebraic. This class satisfies the condition |4.1| , includes all abelian 
varieties and surfaces, and includes all smooth projective varieties when k is finite. Let 
Aii{k; Q) and A4{k; Q) be the categories of motives based on S using respectively the 
algebraic classes modulo /-adic homomological equivalence and numerical equivalence 
as the correspondences. There is a tensor functor 

Miik)^Mik) 

which, according to Andre and Kahn 2001, has a tensor section si. Therefore, ui o si 
is a fibre functor on A4{k;Q). Moreover, si can be chosen so that {ui o si){hV) = 
H*{V, Qi). If, as seems likely, si can be chosen^ so that the action of Z^Z^{V xV) C 
End{hV) on (cu; o si){hV) preserves the image of H*(y,Zi) in H*(y,Qi) for all V 
with torsion-free cohomology, then the ui o si for / ^ p are the /-components of an 
A^- valued fibre functor on Jli{k;Q), and we can construct M.~^{k;Z) and Ai{k;Z) as 
above. 



^According to Andre (email 25.03.02) it does not appear possible to prove this by the methods 
of their paper. 
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5.23. Let S consist of all smooth projective varieties over k. For any V in S, the 
Kiinneth projectors are almost algebraic (in the sense of Tate 1994, p76). There- 
fore, the discussion in |5.22| applies to the category Ai{k]Q) defined using numerical 
equivalence classes of almost algebraic classes rather than algebraic classes. 



5.24. Recall that a Lefschetz class modulo ~ on a variety V is an element of the 
Q-subalgebra of Q)ZJi(y) generated by divisor classes. Let S be the smallest class of 
varieties over k satisfying (|4.1| ) and including the abelian varieties. Then it is possible 
to define a category A4{k]Q) of isomotives based on S using the Lefschetz classes 
modulo numerical equivalence as correspondences; moreover, Ai{k; Q) is a semisimple 
Tannakian category over Q and there exist canonical functors ui (Milne 1999, §1). 

5.25. For any field k of characteristic zero, define A4{k; Q) to be the category of 
motives based on some class S satisfying (|4.1| ) and using the absolute Hodge classes 
as correspondences (Deligne and Milne 1982, §6). 

5.26. Let CM(Q^^) be the category of motives based on the abelian varieties of 
CM-type over Q*^^ using the absolute Hodge classes as the correspondences, and let 
M{¥; Q) be the quotient of CM(Q^') corresponding to a fibre functor on CM(Q^')'^ 
which is correct at every prime (see Milne 2002; here P is the Weil-number protorus). 
As above, we can define A^"'"(F;Z) and 7V1(F;Z). Almost by definition, the Tate 
conjecture holds for A4(¥; Q). 

6. Tannakian Properties 

Throughout this section, R is a commutative noetherian ring. 

Tannakian categories over rings. In Saavedra 1972, Tannakian categories are 
defined only over a base field. We adapt his definition (ibid. HI 1.1.1) of an ind- 
Tannakian category to obtain the notion of a Tannakian category over an arbitrary 
noetherian ring. 

Recall that a tensor category C is a category together with a bifunctor (g) : C x C ^ 
C and compatible associativity and commutativity constraints for which there exists 
an identity object 1. When End(l) = R, we call (C, ®) a tensor category over R or a 
tensor i?-category. Let R' be an i?-algebra. An R' -valued fibre functor is an i?-linear 
exact tensor functor C —>■ Mod(i?'). 

Some linear algebra. Let C be an i?-linear category, and let R' be an _R-algebra. 
When C has arbitrary direct limits, Saavedra (1972, I 1.5) constructs an i?'-linear 
category C(ij/) by "extension of the base ring" . We adapt his construction to the case 
that R' is a finite i?-algebra and C has finite direct limits (for example, C is abelian). 

Thus, let C be an abelian i?-linear category. Let R' be a finite i?-algebra, and 
define C(^r') to be the category whose objects are pairs {X,ix) comprising an object 
X of C and a homomorphism ix'- R' ^ EndR{X) of -R-algebras (Saavedra 1972, II 
1.5). 

6.1. For any finitely generated -R-module M, there is a functor 

X i-^ M ®rX: C C 
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and an isomorphism (natural in X and Y) 

Homc(M (g)R X, Y) Homij(M, Homc(X, Y)) 
(Saavedra 1972, II 1.5.1.1). 

6.2. The category C(/j') is an abelian i?'-linear category. A sequence 

{X',tx')-^{X,tx)^{X",tx") 
in C(/j/) is exact if and only if 

X' ^ X ^ X" 

is exact in C. The functor j^'/^-, C Ci^ri) sending X to R' ®rX (with its canonical 
/^'-structure) is left adjoint to the functor iB./B.'- C[ri) — > C sending (X, zx) to X 
(Saavedra 1972, II 1.5.2). For any X, y G ob(C), 

HomC(^,,(j^'/Rx,j^'/^y) ^Homc(X,F)®^i?', (7) 
and so realizes Cri clS Qb full subcategory of C(/j'). 

6.3. When R' is a flat -R-algebra, the functor j^'/^ ; C C(/j/) is exact. 

6.4. Let C be an abelian tensor category over R such that is right exact. The 
category C(h') has a canonical structure of a tensor category over R' for which j^'/^ 
and Jr'/r are tensor functors; moreover on C(^r') is right exact (Saavedra 1972, II 
1.5.4). Let T> be an abelian tensor category over R' for which is right exact. The 
map u u o defines an equivalence of the category of right exact i?'-linear 
tensor functors T> with the category of right exact i?-linear tensor functors 
C — *• P. When R' is a fiat i?-algebra, u i— > u o j^V-R carries exact functors to exact 
functors. (Ibid. II 1.5.3, 1.5.4.) (But it is not known that u o j^/^ exact implies 
u exact, even when R' is faithfully flat over i?, except in the case that k and k' are 
fields, when the proof requires the main theorem of Deligne 1990). 

Definitions. We say that an abelian tensor /^-category C is finitely generated if 
there exists a finite set of objects of C contained in no proper strictly full abelian 
tensor i?-subcategory of C. 

Definition 6.5. (a) A neutral Tannakian category over i? is a tensor category 
over R that is tensor equivalent to Rep(G';i?) for some fiat affine group scheme G 
over R. 

(b) An algebraic Tannakian category over R is a finitely generated abelian tensor 
category C over R such that becomes a neutral Tannakian category for some 
faithfully fiat finite i?-algebra R'. 

(c) A Tannakian category over R is an abelian tensor category C over R that is a 
filtered union of algebraic Tannakian categories. 

Note that, in a Tannakian category, the Homs are finitely generated i?-modules, 
because 

n 

Homc(X,r) (»rR' = Homc,,Jj^'/^X,j^'/Hy) ^ Hom^,(a;(X), cu(F)). 
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A criterion to be a Tannakian category over a Dedekind domain. Let C 

be an abelian tensor category over a noetherian ring R. When internal Horns exist 
in C (Saavedra 1972, I 3), we let = Hom(X, 1). There is a canonical morphism 
X — > X^^, and X is said to be reflexive when this morphism is an isomorphism. 

For example, when G is an affine group scheme over R, an object X of Rep(G; R) 
is reflexive if and only if its underlying i?-module is projective. Serre (1968, 2.2) 
proves that, when i? is a Dedekind domain, every object in Rep(G'; R) is a quotient 
of a representation of G on a projective i?-module. Thus every object in Rep(G'; R) is 
a quotient of a reflexive object. This property can be used to characterize Tannakian 
categories over Dedekind domains. 

Proposition 6.6. Let C be an abelian tensor category over a Dedekind domain 
R such that every object of C is a quotient of a reflexive object. If there exists an 
R' -valued fibre functor on C{^r') for some Dedekind domain R' finite and flat over R, 
then C is Tannakian. 

Proof. Let u: —>■ Mod(i?') be such a flbre functor. To prove that C is 
Tannakian, we shall show that the functor Ant '^(uj) of i?'-algebras is representable by 
a flat affine group scheme G over R', and that u defines an equivalence of i?'-tensor 
categories C(j?') Rep(G; R'). 

When R' = R, this is proved in Saavedra 1972, II 4.1. In detail: ibid. II 4.1.1 
shows that End®(u;) is represented by a fiat affine monoid scheme G over R and 
that uj defines an equivalence of i?-linear tensor categories C — >■ Rep(G;i?); but 
End®(ti;) = End '^jun) where Uq is the restriction of u to the full subcategory of 
refiexive objects; this last category is rigid, and so every endomorphism of ujq is an 
automorphism (ibid. I 5.2.3), which implies that G is a group scheme. 

According to ( |6.2|) and ( |6.4|) , C(r/) is an abelian tensor category over R'. Thus, 
the general case will follow from the neutral case once we show that Ci^r') inherits 
the property that every object is a quotient of a refiexive object. Let [Y, iy) be an 
object of and let q: X ^ Y express y as a quotient of a refiexive object. The 
composite 

f'/RX.!^^f'/RY^{Y,zy) 
is again surjective, and j^'/^X is refiexive because X is. □ 

Example 6.7. For i ^ p, the category TZ{k; Z^) is Tannakian over (apply p^) . 

Example 6.8. (a) Let k he a. finite field, and let u be the forgetful functor 
7l{k;Zp) Wlod(W{k)). For {X,ix) in 7l{k]Zp)(^w{k)), there are two actions of 
W{k) on uj{X), namely, that coming from the action ix of W{k) on X and that com- 
ing from the action of iy(/c) ontu, and we define ^^'(X, ix) = W^(^)®w^{fc)(g)z wik)^{X)- 
Then u' is exact. Indeed, W{k) (8>Zp W{k) is isomorphic to a product of copies of W{k) 
indexed by the elements of Gal(A;/Fp), and the map W{k) W{k) W{k) corre- 
sponds to the projection to the "id" -component. Therefore uj' is a W{k)-valued fibre 
functor on 7l{k] Zp)(vi/(fc)), and 7l{k; Zp) is Tannakian (apply pT8|(b)). 

(b) When k has nonzero characteristic p and is infinite, then 7l{k] Zp) is not 
Tannakian (at least according to our definition, which may be too strict), because 
there exist objects X for which End(A) is not a finitely generated Zp-module. 
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Existence of fibre functors. We refer to Deligne 1989, §6, for the notion of tlie 
fundamental group of a Tannakian category T: it is an affine group scheme vr(T) in 
IndT acting on the objects of T; each fibre functor uj carries 7r(T) to Aut®(cij) and 
the action of vr(T) on an object X to the action of Aut®(cij) to uj{X). When 7r(T) 
is commutative, it hes in IndT" where T° is the full subcategory of trivial objects. 
Since Hom(l, — ) : T° — > Vec(fc) is an equivalence of categories, in this case 7r(T) can 
be identified with an afiine group scheme in the usual sense. 

Proposition 6.9. Let M. he a Tannakian category over Q whose fundamental 
group T is an algebraic group of multiplicative type, and let uj"^ he a Q-linear tensor 
functor A4 Mod(A^) such that uoi =df uo^ is a Qi-valued fihre functor 

for all i p. Then there exists a finite field extension L of Q, a fihre functor 
uj: Ai ^ Vec(L), and an isomorphism u ®i A^^ — u;^ ^j^p ^ of tensor functors 

Mod(A^^^). ' ^ 

Proof. The hypotheses imply that ujP{X) is a free A^-module for all X (see the 



proof of [4.9| ). 

Assume first that T is split over Q and that there exists a fibre functor uj: Ai ^ 
Vec(Q). We show in this case that there is an isomorphism u ®(Q A^ — > uj^. We use 
u to identify Ai with Rep(T; Q). Let S be a basis for the group X*{T) of characters 
of T, and let X be the representation X = ^xe- -^>' where Xx is a one-dimensional 
representation of T with character A. Choose a graded lattice A in X, i.e., a Z-lattice 
such that A = ^^^^^APiXa. Likewise, choose a graded lattice A/ in uP{X). Then 
A^ =df Af (^j^p %i is a graded lattice in co'^(X). As T is a split torus, H^{Q£,T) = 0, 
and so the theory of Tannakian categories shows that there exists an isomorphism of 
fibre functors ae: uj ®q — > uJe which is uniquely determined up to an element of 
T{Qe). We may choose ae to map A CS^ onto A^. Now the family [ae) defines an 
isomorphism u (8>q A^ u^. 

In the general case, there will exist a finite field extension L of Q such that T splits 
over L and such that there exists a fibre functor u: Ai ^ Vec(L). Then uj defines 
a fibre functor Ai(L) Vec(L) (Deligne and Milne 1982, 3.11), and the previous 
argument applied to Ai(L) proves the general case of the proposition. □ 

The category M{k] Z). Fix a field k, and let M{k; Q) and M{k; Z) be as in §5. 

Lemma 6.10. The category Ai{k]'L) has internal Homs. 

Proof. Since each of the categories 7l{k]'L), 7l{k;A^j), M{k;Q) has internal 
Homs, it is straightforward to check this. □ 



Lemma 6.11. Every motive in Ai{k; Z) is a quotient of a reflexive motive. 

Proof. The proof is similar to that of Proposition |1.8| : a motive is refiexive if 
and only if it is torsion-free; every motive is a direct sum of a torsion motive and a 
torsion-free motive; every torsion motive is a quotient of l(r)'* for some r and s. □ 



Theorem 6.12. The category At {¥q;Z) is Tannakian. 
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Proof. We apply Proposition |6]^. It remains to prove the existence of fibre 
functors. We replace S with a subset generated by a finite set of varieties, and prove 
that Z; admits an i?'-valued fibre functor for some Dedekind domain R' 

finite and fiat over R. For this, we can apply Proposition |6.9| because the fundamental 
group of ^A =df J^{k;Q; S) is of multiplicative type: it is reductive because ^A is 
semisimple, and it is commutative because its extension to is contained in the 
algebraic group fixing the Tate classes, which is commutative. 

According to Proposition |6.9| , there exists a finite field extension L of Q splitting T, 
a fibre functor ujq: Ai ^ Vec(L), and an isomorphism L®quj^ AF^®qujq. After 
possibly extending L, we may suppose that there is also an isomorphism ■ L^qojp — > 
Qp ®Q ijjQ where cjp is X i— > Xp (regarded as a i?(Fq)-module). Let R be the integral 
closure of Z in L. 

For Xq in there are two actions of L on ujq{Xq), namely, that coming from 

the action of L on ujq and that coming from the action of L on Xq. Define 

UJi{Xq) = L ®L®^JL UJoiXo). 

Then ui is an L-valued fibre functor on Ai{L) (Deligne and Milne 1982, 3.11). 
For {X,ix) in M^r), set 

uJ2{X) = {XP,uj'{Xp)) 



where ui' is the functor defined (|6.8| a) . Then uj2 is an i?- valued fibre functor on Ai (r) , 
and ^ defines an isomorphism L ®q c<J2 — >■ A/ (8)q uji. 
Thus, we have defined an exact tensor functor 

X ^ (cU2(X),cui(Xo),0: M^R) ^ Modf(i?) XModf(A,^R) Modf(L). 

Its image lies in the full subcategory of triples whose Modf (i?)-component has finite 
torsion, which can be identified with the category Modf(/2). It is therefore an R- 
valued fibre functor on M.{¥g; 1')(r). □ 



Remark 6.13. If M{k] Q) is as in |5.24| or |5.26| and k is finite, or as in |5.25| , then 



M.{k] Z) is Tannakian. In the first two cases, this can be proved as in Theorem |6.12 
and in the third case, there is a Betti fibre functor on M.{k]'L). 

Stacks of categories of motives. We refer the reader to Saavedra 1972, I 4.5, 
for the notion of tensor fibred category p: Ai ^ S. Briefly, it is a fibred category 
p: A4 ^ S endowed with an £^-bifunctor ®: Ai ><£ A4 ^ A4 and compatible asso- 
ciativity and commutativity constraints for which there exists a cartesian section to 
p giving identity objects in each fibre; thus, for each E in S, the fibre A^^; is a tensor 
category. When £ is endowed with a topology (in the sense of Grothendieck) and 
p: M. ^ £^ is a stack, we call it a stack of tensor categories. When the fibres are 
abelian categories and the inverse image functors are exact, we call p: M. ^ £ a, stack 
of abelian tensor categories. Finally, when End(l) = R for each identity object 1 in 
each fibre, we call p: £ a stack of abelian tensor R-categories. In particular, 

then each fibre is an abelian tensor i?-category. 

For a scheme 5* = ]J Spec fcj, finite and etale over F^, let A4{S] Z) = A1(fcj; Z). 

Theorem 6.14. Let Et^^ be the category of all schemes finite and etale overWg, 
and endow Etp^ with the etale topology. For k = ¥g or ¥, let Ai{k;Q) be as at 



28 



JAMES S. MILNE AND NIRANJAN RAMACHANDRAN 



the start of §5 and assume the Tate conjecture holds for Ai{k;Q). The categories 
A4{—] Z) form (in a natural way) the fibres of a stack of abelian tensor Z-categories 
over Etw . 



Proof. Immediate consequence of Proposition p.l9 



□ 



7. Some Spectral Sequences 

Abstract spectral sequences. We prove an abstract version of Tate's spectral 
sequence (Milne 1986b, 1 0.3). We fix a field k, and let Et^ be the category of all 
schemes finite and etale over k. Also, we fix a ring R, and let Ai — >■ Et^ be a stack 
of noetherian abelian tensor i?-categories with internal Homs over Et^. 

7.1. When X and Y are objects of an abelian category A, Ext'"(X, y) denotes 
the Yoneda extension group (Mitchell 1965, Vll). It agrees with the group defined in 
terms of the derived category (Verdier 1996, III 3.2.12). When A is noetherian, the 
Yoneda extension group also agrees with that defined using injective resolutions in 
the ind-category Ind(^) (Oort 1964, p. 235; see also Ruber 1993). 



7.2. An object of a tensor category is trivial if it is a quotient of a finite direct 
sum of copies of 1, and an object Y of an abelian tensor category is flat if the functor 
X I— i> X ® y is exact. When X and Y are objects of an abelian tensor category over 
R, we write 

Torf(A,r) = for alH > 

to mean Y has a resolution 

, yi ^ yo ^ y ^ g 

by flat objects which remains exact when it has been tensored by X. 



7.3. Let k' be a finite Galois extension of k with Galois group P, and write A i— > A' 
for an inverse image functor A4{k) —>■ M.{k'). Because A4 — >■ Etfc is a stack, the 
functor 

A ^ A(A) = Hom(l,A') 

defines an equivalence from the full subcategory of Ai{k) of objects becoming trivial 
in Ai[k') to the category Modf (i?[P]) with quasi-inverse N \—>- N ^ 1. 

7.4. Let k' be a finite etale /c-algebra. The theory of "Weil restriction of scalars" 
(Weil 1982, 1.3) applies in the present situation and gives an exact functor J^{k') 
A4{k) that is both left and right adjoint to the inverse image functor Ai{k) M.{k'). 

Proposition 7.5. Let k' he a finite Galois extension of k with Galois group P. 
Write T' for the inverse image in M.{k') of an object T of Ai{k). For all A, Y, Z in 
Ai{k) such that X' is trivial and Torf(A, F) = for all i > 0, there is a spectral 
sequence 

Ext^j[r](iV(^), Ext^(,,)(r, Z')) =^ Ext^^l.^iX ® Y, Z). 
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Consider the functors (for fixed X, Y) 

a: M{k) Mod{R[T]), a{Z) = liomMik'){Y' , Z') 
(5: Mod(i?[r]) ^ Ab /?(M) = HomH[r](A^(X), M) 

-i:M{k)^ Ah 7(Z) =Hom^^(fe)(X®r,Z). 

To prove the proposition, we shall show: 

(a) /3 o a = 7; 

(b) the functor a takes injective objects in Ind(7Vl(/c)) to /3-acyclic -R[r]-modules; 

(c) the functor Z y-^ Z' : M.{k) ^ Ai{k') takes injective objects in Ind(A1(fc)) to 
injective objects in lnd(7W(/c')). 

Statements (a) and (b) imply that there is a spectral sequence 

{R'(3oR'a){Z) =^ (i?"+^7)(Z); 

hence, 

Ext^^[r](A^(^), iR'cy)iZ)) =^ Ext:^(\)(X ® Y, Z). 
Statement (c), together with the exactness of Z Z', shows that {R^a){Z) = 

Extx,(,,)(r,z'). 

Proof of (c). The functor Y \-^Y' has an exact left adjoint ([7^. □ 
Proof of (a). We have to prove 

Hom^[r](iV(X), Hom^(fc,)(r, Z')) = Hom^(fc)(X ® Y, Z) 
functorially in Z. From the definition of Hom (Saavedra 1972, I 3.1.1) 

YLouiM{k'){X' ® r, Z') ^ Hom^(,,)(X', Hom_^(,,)(r, Z')). 
But X' = N{X) ® 1, and so 

Hom^(fc,)(X'®r,Z') ^ Hom^(iV(X),Hom(l,Hom^(,,)(r,Z'))) 

- Hom«(iV(X),Hom^(fc,)(r,Z')). 

On taking F-invariants we obtain (a). □ 

Proof of (b). We write Hom^ and Hom^/ for Homind(A^(fc)) and Homind(x(A:')) 
spectively. We have to show that if / is injective in lnd{M.{k)), then 

Ext^[P](A^(X),Homfc,(r,/')) = for r > 0. 

We first show that, if Y is fiat and I is injective, then Homfc/(y,/') is an injective 
i?[F]-module. For this, we must show that the functor 

Homfi[r](-,Hom,„(F',/')): Mod(i?[F]) ^ Ab 

is exact, at least on finitely generated i?[F] -modules, but (a) shows that the composite 
of this functor with the equivalence X N{X) is the composite of the exact functors 
— ®Y and Homfc(— , /). 
We now prove (b). Let 

Y* ^Y 
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be a flat resolution of Y such that X (8> {Y* — > Y) is exact, and let / be an injective 
object of Ind(A^(/c)). Then, by (c), /' is injective, and so 

Homfc,(y',J') ^Hom,,(y',/') 

is an exact complex; in fact, it is an injective resolution of Homfc/(y,/'). We shall 
use it to compute the groups Ext^[p](X, B.omk'(Y', I')). Statement (a) shows that the 
complex 

Hom^[r](iV(X), Hom,,(r', /')) ^ Hom^[r](iV(X), Rom^'iY", I')) 

is isomorphic to the complex 

Homfe(X ® r, /) Homfe(X ® F*, /) 

which is exact because X ®{Y — > Y') is exact and / is injective. □ 

Corollary 7.6. Let k be a Galois extension of k (possibly infinite), and let 
A4{k) = linifc'cfc-^l^') where k' runs over the finite Galois extensions of k. De- 
note the inverse image functor A4{k) ^ Ai{k) by X ^ X , and let T = Gal{k/k). 
Let Y be an object of Ai{k) that admits a resolution by flat objects. For all Z in 
J^{k), there is a spectral sequence 

^^(r,Ext^(,)(?,Z)) =^ Ext:^(^,)(F,Z). 

Proof. The condition on Y is that Torf (1, Y) = for all i > 0. When k is finite 
over k, the two definitions of Ai{k) coincide, and we obtain the spectral sequence by 
taking M = 1 in Proposition [7.5| . When k is of infinite degree over k, we pass to the 
limit over subfields k' G k that are finite and Galois over k. □ 

Spectral sequences at i. 

Proposition 7.7. Let T = Gal(F/Fg). For M, N in 7^(Fg; Ze), there is a spectral 
sequence 

H^iT, Ext^(^^^^)(M, N)) =^ Ext;5^^^^^)(M, N). (8) 

Proof. Proposition |1.4| shows M has a resolution by flat objects, i > 0, and so 
this is a special case of Corollary |7^. □ 

Denote Exts in Mod(Z^) by Ext^^. 

Proposition 7.8. Let T = Gal(F/Fg). For M, N in 7^(Fg; Ze), there is a spectral 
sequence 

H:,,iT, ExtliM, N)) =^ Ext^+^^^^^)(M, N). (9) 

Here H^^^ is computed using continuous cochains relative to the i-adic topology on 
Ext^^(M,iV). 

Proof. When N is finite, will become (Q) once we have shown that the natural 
map 
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is an isomorphism. When M is finite, this is obvious (with no condition on A^), 
because it is true for j = and the forgetful functor Ind7^(F;Z£) Mod(Z£) is 
exact and preserves injectives. The Ext(M, — ) sequences of 

^ M ^ M ^ M/tM , tN = 0, (10) 

^ Aftors ^ M ^ M/Mtors ^ 

allow us to deduce it, first for all torsion- free M, and then for all M. 
There are spectral sequences 

= Ext^(,^^^^)(M,limW(^")) 

E-^ = lim^Ext^^(,^^,^)(M,iV(^")), 

with isomorphic final terms (cf. Jensen 1972, 4.3). The higher inverse limits vanish 
because the groups Ext:^^jj, .^^^(M, A^*^^"^) and N^^"^ are finite. Moreover, limA^'^^"^ = 
N, and so this shows that 

Ext^(F,;Z,)(M, N) = lim„ Ext5,(p^^^^)(M, N^'"^). (11) 

Similarly, 

Exti/M,iV) = lim„Ext^^^X^, 

and so (Tate 1976, 2.2) 

HUT,Exti^iM,N)) = lim„/7;,(r,Exti^(M,iV(^"))). 
Therefore, (^ can be obtained by passing to the limit in the spectral sequences 
^;s(r,Ext^^(M,iV(^"))) =^ Ext^+^^^^^)(M,iV(^")). 

□ 

Spectral sequences at p. 

Lemma 7.9. For torsion-free objects M,N in 7^+(F;Zp), Ext'^+(^^.^^^{M, N) is 
torsion- free. 

Proof. From the exact sequences 

^ Ext^+(M, A^)(*'") ^ Ext^+(M, A^(P")) ^ Ext^+ (M, A^)pn ^ 

we obtain a surjection 

lim „ Ext^+ (M, iV(P")) ^ Ext^+ (M, N),,,,. 

Let TZpn denote the full subcategory of 7?.+ (F; Zp) of objects killed by p". The same 
argument as in the proof pp|35|-p5| shows that the map 

s: Ext^+(M,Ar(f")) ^Exti,+ {M^p"\N^p"^) 

pn 

that replaces each term in a short exact sequence with E^P"^ is an isomorphism. 
Therefore, it remains to show that 

lim„Extl+ (M(P"),iV(?'")) = 0. (12) 
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We claim (i) that the map 

Ext^rys+{F)(^ ® W^(^)> ^ ® ^ i^)) ^ ^^^]z+„ (^^''"^ N^""^) 

that replaces each term in a short exact sequence by E^^"^ is surjective, and (ii) 
that Ext^j.yg+^jp.-j(M, A^) is a torsion group. Together, (i) and (ii) imply ([T^ ) , because 
(i) gives a surjection 

Ext^rys+(F)(^ ® ^ ® ^ (^)) ® Qp/^P lim n Ext;,+ (M^^"), iV^f")) 



and (ii) implies that the first group is zero. 

To prove (i), note that an element of either group splits when regarded as an 
extension of W^-modules, and is therefore determined by the cr-linear map describing 
the action of the Frobenius. Since every cr-linear map M^"^ n(p") hfts to a cr-linear 
map M ^ N, (i) is clear. According to a theorem of Manin (Demazure 1972, p85), 
the category Isoc'^ (k^^) is semisimple, which implies (ii). □ 



Lemma 7.10. When k = W or ¥g, every object in 7^+(A;;Zp) is a quotient of a 
torsion-free object. 

Proof. Suppose that the object M is an extension of objects M' and M" each 
of which is a quotient of a torsion-free objects, say, A^' -» M', N" -» M". Pull back 
the original extension by A^" M": 

> M' > E > N" > 







M' 



M 



M" 







If the class of E in Ext^(A^", M') is the image of an element of Ext^(A^", A^'). then M 
also is a quotient of an torsion-free object. The obstruction to this is an element of 
Ext^(A^", K) where K is the kernel of A^' M' . Certainly, when k = ¥g, this group 
will be zero if there exists a resolution 







N" 



(because in this case Exts in TZ^ agree with those in Mod (A) — see |7.1| ). 

It suffices to prove the lemma in the case k = ¥q, and, for a given M, an argument 
using restriction of scalars allows us to replace ¥q by a finite extension. After such an 
extension, a torsion M will have a composition series whose quotients are isomorphic 
to one of {k, cr) or {k, 0). Each of these is a quotient 








iW,a) 



{W,pcr) 



{k,a) 
{k,0) 




0. 



Since {W,a) = A/A{F — (t) and {W,pa) = A/A{F — pa) the above remarks prove the 
lemma for M. Let M be an arbitrary object, and let Mi = M/Mtors- The obstruction 
to extending the statement from Mtors to M is a torsion element of Ext^(Mi, K), which 
(see [7. 91) becomes zero after a finite extension of Fg. □ 
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Proposition 7.11. Let T = Gal(F/Fg). For M,N m 7^+(Fg;Zp), there is a 
spectral sequence 

H^iT, Ext^+(^^^^)(M, N)) =^ Ext^+;(^^^^^)(M, N). (13) 



Proof. Lemma [7.10| shows that M has a flat resolution. We can not apply 



Corollary |7]^ directly, because 7?."'"(Fg/; Zp) does not have internal Homs. However, 
this is only used in the proof of (a) in |7!^, namely, in showing that 

Homz,[r](P, Hom7e+(F^,.z,)(M', A^')) = Hom^+(p^.2;,)(P ® M, N) 

where F = Gal(Fg//Fq) and P is an object of TZ'^(¥g] Zp) that becomes isomorphic to 
a direct sum of copies of (W, a) in 7^+(Fg/; Zp). This can be shown directly. □ 

Proposition 7.12. Let T = Gal(F/Fg). For M,N m 7^+(Fg;Zp), there is a 
spectral sequence 

H:,,{T, Ext^,y,+ (^)(M;^(ip), Nw(F))) =^ Ext^+^(^^^^^)(M, N). (14) 

Here H^^^ is computed using continuous cochains relative to the p-adic topology on 
Ext^(P) (M,iV). 

Proof. When N (or M) is finite, (|T^ becomes the (^) — see the proof of Propo- 
sition |7.8| . The remainder of the proof of Proposition [7.8| applies to this case, except 
that N^"^ and Fjxt''^^^^+^^^{M, N^^"^) need no longer be finite. However, A^(p") is of 

finite length over W, and so we can apply Jensen 1972, 7.2, to see that lim W^p") = 

for i > 0. Moreover, there exists an such that p'^ ■ Fjxt-'^^^^+^^^(M, N^^"^) is finite 

for all n, and so the inverse system Exti^^^^+^^^{M, N'-p"^) satisfies the Mittag-LefHer 
condition. □ 

8. Homological Algebra in the Category of Motives 

In this section, we assume that the /-adic Tate conjectures hold for Ai^{k] Q) (see 

Homological algebra in Ai~^{k;Z). 

Theorem 8.1. Let X and Y be effective motives in M'^ik; Z). 

(a) The map (a, P) a — P, 

Hom^+(fc.Q)(Xo,Fo) X Hom^+(^.^)(X/, F/) ^ Hom7^+(fc.A^)(t^/(Xo), u;/(yo)), 

is surjective with kernel }iomj^+(^i^.^-){X,Y) . 

(b) Fori > 0, Ext^+(^.2)(X, F) is torsion and the sequence 

^ Ext^+(,^^)(X, r)z, Ext^(,^^^)(X,, Yi) Ti ExtJ^l(,^^)(X, Y) ^ (15) 
is exact ( all I ); hence, 

Ext^+(fc.2)(X, F) = Ext^+^^.^^(X/, y/)tors- 

(c) If k is separably closed, then ExVj^+^^j^.^^^lXjY) = for all i > 2, and for all 
i > 1 when X and Y are torsion-free. 
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Proof. For any Z-module M of finite rank, the sequence 

M X Mq -> Ma^. 

is exact. We obtain (a) by taking M = Hom(X, Y) in this sequence and applying 

3,PI,|;tod. 



The remainder of the proof will require several steps. 

Ext^+(fc.2)(X, F) IS TORSION FOR i > 0: It suffices to prove that Ext)^+(^^.^^{X,Y) 
is torsion. Moreover, we may assume that X and Y are torsion-free. Consider an 
exact sequence 

O^Y ^ E ^ X ^0 

in Ai^{k; Z). Because Ai^{k] Q) is semisimple, there exists a morphism ao : Xq Eq 
such that TTo o = id^o- For some m E 1i, mao G Hom_A4+(fc.2)(X, E) (see Now 
the equation vr o (mao) = ^ idx implies that the class of the sequence is killed by m. 
Write f^{X, Y) for the natural map 

Recall ( p.lO| ) that /'^(X, F) is an isomorphism. 

The maps /*(X, y) are isomorphisms when X and Y are finite. The functor 
X I— > Xf defines an equivalence of the category of torsion effective motives with the 
category of torsion objects in 7^"'"(/c;Z), and so it suffices to prove that the Exts in 
the torsion subcategories coincide with the Exts in the full categories. We do this for 
A4^{k; Z) since TZ^{k] Z^) is similar. Because }A^{k] Z) is noetherian, Ind(A^'^(A;; Z)) 
has enough injectives, and the Exts computed using injective resolutions coincide 
with the Yoneda Exts ( [7.1| ). Because n: 1 — > 1 is injective, every injective object in 



Ind(A^"*"(/c; Z)) is divisible, and so an injective resolution F — >■ /* in Ind(A^"'"(/c; Z)) 
gives an injective resolution Y — > I'^^^ in the subcategory of torsion objects. As 
Hom(X, /'ors) — Hom(X, J'), this proves that the Exts in the two categories agree. 

The maps f\X, Y) are isomorphisms when Y is finite. It suffices to prove 
this when X is torsion-free and Y is /-torsion, say I'^Y = 0. The Ext sequences of 



in 

^ X — > X ^ X//"X ^ 



give a diagram 



> ExV^',{X,Y) > Ext'j^4X/l^X,Y) > Ext'j^+{X,Y) > 



r-Hx,Y) 



r{x,Y) 



ExV^XXi,Yi) > Ext]^+{Xi/l^Xi,Yi) > Ext]^^{Xi,Yi) 



from which it follows that /* ^{X,Y) is injective and f\X,Y) is surjective. Since 
this holds for all i, /*(X, Y) is an isomorphism. 

The maps f{X,Y) are isomorphisms when X is finite. Similar to the preced- 
ing case. 
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The sequence (|15|) is exact. Because Y) is an isomorphism when Y is finite, 
/*(X, Y*) (map of hyper- Exts) is an isomorphism when Y* is a bounded complex with 

finite cohomology, for example, when Y' = Y^ ' =^f Y — > Y: 

Ext\,^{X,Y^^"^) = Ext]^^{Xi,YP). 
There are exact sequences 

^ Ext^+(X,F)('") ^ Ext^+(X,r^'">) ^ Ext^+(X,r)p ^ 0, (16) 

and 

lim Ext^+(X,F^'">) ^ lim Ext^+(Xi, ^ lim Ext^+(Xi, f/'")) ^ Exti^+{Xi,Yi) 



(for the third isomorphism, see the proofs of |7y^ and |7.12| ). Thus, on passing to the 
inverse limit in (16), we obtain (|T5|). 

This completes the proof of (b). We now assume that k = k^^"^. 

Ext^+(X, F) = IF X AND Y ARE TORSION-FREE. For an integer m, let 
(resp. 7^5^) denote the subcategory of J^^{k] Z) (resp. lZ'^{k] Z)) of objects killed by 
m. On passing to the direct limit in the sequence 

^ ExtV(^,^)^"^ ^ Ext^vf^^,^^"^) ^ Ext5^+(X,F)^ ^ 
and using that Exi\^+ (X, Y) and Ext^+ (X, Y) are torsion, we find that 

lim™Extjv,+ (^,>'^'"^) = Exil,^{XX)- 

Consider the diagram 

Ext^^X^™),^^'")) >■ Exi]^^{X,Y'^"'y) 



Ext^+(X(™),F(")) 

in which vr is the surjection induced by X ^ X^'^\ i is the obvious injection, and s 
applied to a short exact sequence replaces each motive E in the sequence with E^"^\ 
One checks easily that s o (tt o z) = id and (vr o i) o s = id, and so s is an isomorphism. 
Thus 

Extl,+ iX,Y) = lim„Ext;^+ (X('"),F('")) = lim„ ExtJ^., (x}'"\ y/"^)). 
For / ^ p, Ext!^+ [XJ F/ ') is obviously zero, and so it remains to show that 

limpn Ext;,+^ (XP, y;(P")) = 0. (17) 
But this is shown in the proof of ( [7.9| ) (for k = ¥, but the argument works generally). 



Ext^+ (X, Y) =0 FOR ALL i > 2. This follows from (b) and the fact that Ext^+(;,.2^) (M, 
for i > 2 (for / 7^ p, this is obvious, and for I = p it can be proved by the arguments 
used to prove the p-case of Theorem ^TT] below). □ 



36 JAMES S. MILNE AND NIRANJAN RAMACHANDRAN 

Remark 8.2. The group Ext]^+(j.j^^^{M, N) need not be torsion. Consider, for 
example, the extension 

on which the Frobenius element in F = Gal(F/Fp) acts on the middle term as the 
matrix (of) with a a nonzero element of Z^. Multiplying the class of the extension by 
m corresponds to multiplying a by m, and so this represents a nontorsion element of 
Fjxt]i+(j .^^^{M, N), which remains nontorsion in Ext^+(-]jr.2^-)(M, A^). Thus, in general, 

Ext^+(^;^)(X,F)(£) ^ Ext^(^^^^)(X,,F,). 

Similarly, the group Ext]^+(j.^^^{M, N) need not be torsion (because the category 
7?.^(F;Zp), in contrast to Isoc'''(F), is not semisimple). 

Homological algebra in A^ + (Fq;Z). 

Lemma 8.3. Every effective motive over ¥g or ¥ is a quotient of a torsion-free 
effective motive. 



Proof. Straightforward adaptation of the proof of Lemma 7.10. □ 



Theorem 8.4. Let F = Gal(F/Fq). For all motives X and Y over ¥g, there is a 
spectral sequence: 

if''(F, Ext^+.jr.^JX/F, Y/f)) =^ Ext^+.jp ^JX, y). 



Proof. Lemma ^]3| shows that X has a fiat resolution. We can not apply Corol- 
lary |7.6| directly because A^ + (F^; Z) does not have internal Homs, but its proof can 
be adapted as in the proof of [7.1 1| . □ 

Homological algebra in Ai{k] Z). The results of the last two subsections hold 
mutatis mutandis for motives. 

Examples. 

Example 8.5. We apply ( |0| ) to compute Ext]^+(]p-.2)(Z, Z(r)) (we are writing Z 
for 1 and Z(r) for T®'^). 

For r = 0, RomM+{F;Z){^, ^(0)) = Z and Ext^+(p.2)(Z, Z(0)) = for i = 1, 2.. 
For r 7^ 0, Hom_A4+(F;Z)(^? ^(^)) = 0; so 

Hom^+(F;2;)(Z,Z(r)('")) ^ Ext^+(^.^)(Z, Z(r))„. 

For m = p", the left hand side is zero, and for m = i"' it is (Z'^^"))(r). Therefore, on 
passing to the direct limit over m, we find that 

ExtV(F;2:)(Z,Z(^))= [®Qi/^i 

where (Q^/Z£)(r) is Q^/Z^ with the Frobenius element of Gal(F/Fq) acting as . 
Moreover, Ext^+(p 2)(^5 ^('")) = for i 7^ 0,2. (Without the +, these statement 
holds only modulo p-torsion.) 
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Example 8.6. We compute Ext^+(jr^_2-)(Z, Z(r)) for r > 0. The spectral se- 
quence in ( |8.4| ) shows that Ext\^+(j^^^^{Z,Z{r)) and Ext^+(]ji-_^ ^^(Z, Z(r)) are the ker- 
nel and cokernel respectively of 

Therefore Ext^+^p .^^{Z, Z{r)) is cychc of order g*" — 1, and Ext^+(jr .^^{Z, Z{r)) = 
fori 7^ 0,2. 

Example 8.7. Let A be an abelian variety over F, and let hiA be the isomotive 
hi{A)o endowed with the Z-structure provided by the maps Hi{A,Zi) Hi{A,Qi). 
Since Hom(Z, hiA) = 0, 

Hom^+(iF.2;)(Z, = Ext^+(p.^)(Z, hiA)^ 

for all m, and so 

Hom^+(F.z;)(Z, hiA ® Q/Z) = Ext]^+^^.^^{Z, hA). 

But 

Hom^+(F.z)(Z, /iiA®Q/Z) =Hom^+(p.|,)(Z,(/iiA)/Q/(/iiA)/) = A(F). 
Thus, 

ExtV(F;Z)(Z,/^l^)=^(F)- 

When A is defined over F^, Gal(F/Fg) acts, and, on taking invariants, we find that 

ExtV(F,;Z)(Z,^l^)=^(F.)- 

A similar argument using that }lomji^+(j.^^{{hiA){—l),Z) = shows that 
Hom^+(F.z)((/iiA)(-l),Q/Z) = ExtV(F;Z)((^i^)(-l)>^)- 

But 

Hom^+(F.z)((/iiA)(-l),Q/Z) = Hom^+(p.^)((/iiA);(-l),Q/Z) = A^(F) 
where is the dual abelian variety. For an abelian variety A over Fg, this becomes 

ExtV(F,;Z)((/^l^)(-l),Z)=^''(F.)- 

Remark 8.8. It is generally conjectured, that for a smooth variety V over a field 

F, 

HUiV,Qir)) = iK,r^,V)'-^'' (18) 

and 

^^mot(^,Q(0) = Ext^^(^^Q)(l, (W)(r)); (19) 
see, for example, Deligne 1994, 3.7, 3.3. Here Ext^^(^.Q)(l, {hV){r)) is computed in 
the conjectural category of mixed isomotives over F and {K2r-iV)Q' is the subspace 
of {K2r-iV)Q on which the Adams operators ip'' act as k^. 
In particular, for F itself, it is conjectured that 

Ext^^(^^Q)(Q, Q(r)) = {K^r-iFYQ^ (20) 
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For F = Fg or F, the statement (|^) is true because the i^-groups are torsion and, 
under any definition, the category of mixed isomotives will be semisimple, so both 
sides are 0. 

With Z-coefficients, statement (^) is expected to be false in general, and (p!8D is 
definitely falseQ. However, Quillen (1972) shows that i^2r-iIF ^ ©^^^pQ^/Z^ with the 
Frobenius automorphism acting as and K2r-i^q = {K2r-i¥f^^'-^/^''\ and Hiller 
(1981) and Kratzer (1980) show that the Adams operator ip'' acts on K2r~i^ as 
multiplication by fc*", and so an integral version of (EDf) does hold when F = ¥q or F: 



Ext]v,+ (f;Z)(Z,Z(^)) ~ {K2r^iFY'\ (21) 

The isomorphism (^) can be made canonical: Soule (1979, IV.2, p. 284) proves 
that the Chern class map q^i : K2i-i{Wq)zi — > H^(¥q, Z;(i)) is an isomorphism if i < /; 
later Dyer and Friedlander (1985) defined a Chern character c/ij,i : K2i-i{¥q)zi 
H^(¥q,Zi{i)) that is related the Chern class map by (— l)*^^(z — l)!c/ij,i = q^i (Soule 
1999, 3.2.2, p. 267). 

9. Extensions and Zeta Functions: Local Case 

We use the notations: F = Gal(F/F,), q = p", W = W{¥q), B = B{¥q), 
A = W[F,a], Ue = 7^(F,; Z,) =df 7^(F;Z,), = Mod(Z,), 7^p = 7^+(F„Zp) =df 
Crys+(F,), Up = Crys+(F). 

Statement of the theorem. Let M be an object of TZi. The Frobenius endo- 
morphism ttm of M is the map induced by the element x i— > x"^ of F when / 7^ p and 
by when I = p. We denote the characteristic and minimum polynomials of ttm 
acting on Mq^ by niMit) and Puit) respectively. They are monic polynomials with 
coefficients in Z; (see Demazure 1972, p89, for the case I = p). For M in T^p, let r(M) 
denote the rank of M and s{M) the sum of the slopes of M; thus if 

PM{T)=t'' + --- + C 

then r(M) = h and s{M) = ordp(c)/a (cf. Demazure 1972, p90). For M in TZg we 
set s(M) = 0. 

Let M, be objects of TZi. From the spectral sequences ( |7.8| , |7.12D we obtain a 
map 

Hom^X^'^)r^Ext^,(M,Ar). 

Define 

f = f{M,N): Romn, (M, A^) ^ Ext^^ (M, N) 
to be the composite of this with the obvious map HomT^, (M, A^) Hom-n^lM , N)y- 



^"^For a projective smooth variety over a field k, 

which is a nonzero torsion group in general whereas K^iV — 0. See also Bloch and Esnault 1996, 
p. 304, which explains why a closely related conjecture should not be true integrally. 
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Theorem 9.1. IfmM{T) andmi^{T) have no multiple root in common, then z{f ) 
is defined and satisfies 



-[Ext^^ (M,iV)] 



s{Myr{N) _ 



n 



(22) 



where (aj)i<j<r{M) and {bj)i<j<r(N) are the roots of PM(t) and Pj\f{t) respectively. 



Remark 9.2. (a) When / ^ p, the term q'(^^X^) = 1. 

(b) In the course of the proof, we shall show that Ext^^(M, A^) = for i > 2 
(without any condition on M and A^) and that Ext^^ (M, A^) is finite. 

(c) When one of M or A^ is finite, the theorem simply states that the groups 
Ext^^(M, A^) are finite and the alternating product of their orders is 1. 

(d) Let PM'^mit) = 11 (l - ^^)' and let p{M,N) be the rank of Hom7e;(M, A^). 

Then p{M, N) is the number of pairs with = bj, and (^2]) becomes the 
equation 



z{f)-[Exe{M,N)] 



s{M)-r{N) 



it) 



1™ (1 _ t)p(^I,N) 



When the groups Ker(/), Coker(/), Ext^^(M, A^), Ext^^{M, N), ... are finite 
and almost all zero, then we say that x^i^y ^) is defined, and we set it equal 
to the alternating product of the orders of the groups. Granted (b). Theorem 
Wl\ is equivalent to the statement: if mM{T) and m]\j{T) have no multiple root 
in common, then x^(M, A^) is defined and equals 



s{M)-r{N) 



n 



(23) 



(f) Let 



^ A^' ^ A^ ^ A^" 







be an exact sequence in TZi. If x^i^i a^id x^(M, A^") are defined, then so 
also is x^{M-,N), and 

x"(M,Ar)=x"(M,Ar')-x"(M,Ar"). 

Since a similar statement holds for exact sequences in M and the expression 
(0) is multiplicative, we see that it suffices to prove Theorem |9.1| for M and A^ 
running through a set of generators for the Grothendieck group K{TZi) of TZi. 

Even more is true: both and the expression in (p3D take values in Q^, the 
group of positive rational numbers, which is torsion-free. Therefore, in order 
to prove Theorem |9.1| , it suffices to verify it for M and A^ running through a 
set of generators for KiJZi) ® Q. 
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Proof of Theorem 9J. in the case / 7^ p. From Proposition 7^, we obtain an 
exact sequence and isomorphisms 

Hom7^, (M,iV) = }iom^^{M,Nf 
O^Homz,(M,iV)r ^ Ext^^(M, iV) ^ Ext^^(M, iV)^ ^ 
Ext^^(M,iV)r = Ext^^ (M,iV) 
Ext^^ (M,iV) = 0forz>2. 

Let /o be the map 

Homz,(M, Nf ^ Homz,(M, N)r 

induced by the identity map. Then / = c o /q, and so (see |9.8|) 

^(/)=^(/o)/[Ext^,(M,iV)n. (24) 

Let 7 be the generator x 1— > a;*^ of F. The family of eigenvalues of 7 on Homa^(M, A^) 
is Because of our hypothesis on mM{t) and ruNit), (|9.9|) applies, and shows 

that 



n 



Because Ext^^ (M , A^) is finite, 

[Ext^^(M,iV)r] = [Ext^^(M,iV)r] 

and so 

[Ext^^(M,iV)] = [Ext^^(M,iV)r]. 
On substituting for z{fo) and [Exti (M, A^)^] in (|2|), we obtain (H). 



Proof of Theorem in the case I = p. An A-module M will be said to be 
special if it is cyclic, M = A/A ■ X, and A lies in the centre Zp[F°] of A, in which 
case A(F) = mM{F"-) and Puit) = iT^mitY- We let k denote the A-module with 
underlying VT-module and with F acting as 0. 

Let Tipj be the full subcategory of IZp of finite objects. Then Exts computed in 
7?.pj coincide with those in TZp (see the argument pPl]) and with those in Pro-T^pj 
(Jlpj is Artinian and so we can apply the opposite of [71]) . There is a canonical 
functor Hp -^Pro-Tlpj and by using the usual exact sequences (p!oD one deduces that 
Exts in Tip coincide with those in Pro-T^pj. This allows us to use resolutions by free 
finitely generated A-modules to compute Exts in Tip. 

The case M or N is finite with F acting invertibly. Because of (^, this case is 
essentially the same as the non-p case. From the spectral sequence ( [7.12|) , we obtain 
exact sequences 

^ ExV^^{Mwiw),NwiF))r ^ Ext^^(M, A^) ^ Ext)^^{Mw(w), NwiF)^ ^ 0. 

In this case, the groups Ext^^(MvK(F), -^vk(if)) are finite, and it follows immediately 
that the alternating product of the orders of the Ext^ (M, A^) is 1. 
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The case of M = k and N finite. We have the following Koszul-type resolution 

oik 

O^A-^A®A^A^k^O (25) 

where t{a) = {aF,pa) and s{x, y) = px — yF. For any N, the groups Ext*(A;, A^) are 
the cohomology groups of the complex 

Hom(A, A^) ^ Rom{A ® A, N) ^ Hom(A, N) ^ ^ ■ ■ ■ (26) 

Therefore, Ext*(fc, A^) = for i > 2, and if is finite, then 

Ext°(fc, A^) ■ Ext2(fc, N) = Ext\k, N) 

because the groups in (|^) are finite. 

The case M cyclic and N = k. The resolution, 

gives an exact sequence 

Hom(M, k) ^ Hom(A, k) Hom(A, A;) Ext^(M, k) ^ 

and equalities Ext*(M, k) = {i > 1). As Hom(A, k) = k is finite, this implies that 

[Ext°(M,A;)] = [Ext^(M,A;)]. 

The case M = k and N cycHc. From (H) and (H), we find that Ext\k,A) = 
unless i = 2 in which case Ext^(/c, A) = k. Now the Ext(/c, — )-sequence of 

gives an exact sequence 

^ Ext^(A;, N) Ext^{k, A) Ext^(fc, A) Ext^{k, N) ^ 

and equalities Ext*(A;,A^) = {i ^ 1,2). As Ext^(A;,y4) is finite, the sequence gives 
that 

[Ext^(A;,A^)] = [Ext2(A;,A^)]. 

The case M, N special, rriM and rriN relatively prime. Let 

M = A/AXi, Ai =mM(F") 
N = A/AX2, A2=m^(F'^) 

with mM{t) and m]\}{t) relatively prime. From the resolution 

O^A^A^M^O 

we obtain an exact sequence 

^ Hom(M, A^) ^ A^ ^ A^ ^ Ext^(M, A^) ^ ^ . . . . 
As -Ai is injective, we see that Ext*(M, A^) = for i 7^ 1, and so 
z(/)-[Ext2(M,Ar)] = z(Ar)0|det(Ar)|!. 
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Here det(Ai-) can be computed as the determinant of mMiF"") acting on the 5- vector 
space A^Q. But Puit) = T^uitY, and so 

det(mM(F'^)|iVQ) 

Thus, 

z(/)-[Ext2(M,iV)] = |n(«. 
as required. 

The case M and N are special and equal. We first give an exphcit description of 
the map 

/ : Hom(M, A^) ^ Ext^ (M, A^) 

in the case that M = A/A ■ Xi and N = A/A ■ X2 are special but not necessarily 
equal. We use ~ to denote — ®i4/(f,) ^^(1^), and we let ak be the canonical generator 
of Gal(F/Fg). The Ext(-, A^) sequence of 

A'^ A^ M ^0 

is 

^ Hom(M, N)^ N ^ Ext\M, N) ^ 
and the Ext''(— ,iV) sequence of 

^ A'^ A^ M 

is 

^ Hom(M, N)^ N ^ Ext^(M, N) 0. 

The map / can be described as follows: let u G Hom(M, A^) and regard u as an 
element of A^ such that Aim = 0; then u can be written u = {ak — l)f for some f G iV; 
now 

(o-fc - l){\iv) = Ai(a-fe - l)v = Xiu = 0, 

and so Aii; G = N; the image of Aif under A^ —>■ Ext^(M, A^) is f{u). 

Now take A^ = M, so that multiplication by A = Ai = A2 is zero on M. Thus 

Hom(M, N) = A/AX = Ext\M, N) 

and / is an endomorphism of A/A/X. Since A/ AX is torsion-free, z{f) is defined if 
and only if 

/q: Aq/AqX Aq/AqX 
has nonzero determinant (|9.7|) , in which case 

z(/) = |det(/)|; 

Let u G Aq/AqX and choose v G Aq/AqX such that u = akV—v. Then alv = iu+v 
for all i. Let 

A(F) = F'"'^ + b^a-aF" + ... + bo= m{F^). 



Wl<i<r{M) {(^i "~ bj). 
l<j<r{N) 



s{M)-riN) 
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Then 



X{F)v 

muF""" + (m 



H h {asv\ = 0) 



dF" 
d 



dF"- 



m^F")) 
m{F''))u. 



From (|9.71 ) we find that 

But 
and 



det 



d 



dF'^ 



|det(F 



a\\a 
P 



det 
Thus, 



d 



dF" 



{miFn) 





|det(F'^)|; 


= \q" 


■s(7V)| 
\P 


a 


n ~ 




^s(N)iriN)-a) 


P 




p 





a,; 



r{N)-s(N) 



n 



As Ext^ {M,N) = this proves Theorem in this case. 

The general case. An isogeny (denoted ~) of objects in TZp is a homomorphism 
whose kernel and cokernel have finite length over W. We say an object in TZp is 
indecomposable if it is not isogenous to a direct sum of two nonzero objects. 

Lemma 9.3. Every object of TZp is isogenous to a direct sum of indecomposable 
objects, and the decomposition is unique up to isogeny. 

Proof. Apply the KruU-Schmidt theorem in the category of /iQ-modules. □ 

Lemma 9.4. If M in TZp is indecomposable, then Mq ^ Aq/AqX for some A G 
Aq; moreover, the minimum polynomial mM{t) of the Frobenius endomorphism of 
M is a power of a Zp-irreducible polynomial, and there exists an integer e such that 
©'^M- A/A-mA/(t). 

Proof. The ring Aq is the skew polynomial ring B[F,a]. It is therefore a prin- 
cipal ideal domain (Jacobson 1943, III 1, p30), and every finitely generated module 
over such a ring is isomorphic a direct sum of cyclic modules (ibid. Ill, Theorem 19, 
p44). This proves the first part. 

For the second, we use that the two-sided ideals in Aq are precisely those generated 
by a polynomial in the centre Qp[-F°] of Aq (ibid. Ill 5, p38). It follows that AQ-m{F°') 
is the largest two-sided ideal contained in Aq ■ A, i.e., it is the bound of the ideal Aq ■ A 
in the sense of ibid. Ill 6, p38. Because Aq/AqX is indecomposable, this implies that 
m{t) is a power of a Zp-irreducible polynomial (ibid. Ill Theorem 13, p40). Finally, 
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when Aq/Aq ■ m{F"-) is decomposed into a direct sum of indecomposable modules 
Aq/AqA', each of the ideals AqW has Aq ■ m{F"-) as its bound, and is therefore 
isomorphic to M (ibid. Ill Theorem 20, p45). □ 



Proposition 9.5. Objects of the following types generate K{TZp)q: 

(a) /c = (F„0); 

(b) (M, Fm) with M finite and Fm invertible; 

(c) M special and mM{t) is a power of an irreducible polynomial. 

Proof. For every finite module M, there exists an n such that M = Im(F") © 
Ker(F") (Fitting's Lemma). It follows that such an M has a composition series with 
quotients of type (a) or (b). The general statement now follows from Lemma p.4|. □ 



Therefore (see |9.2| (f)), it suffices to prove Theorem ^?T| when each of M and is of 
type (a), (b), or (c). Moreover, because of the condition on the minimum polynomials, 
in case (c) we can assume that either niM and mjv have no common factor or they 
are irreducible and equal. This we have done. 

Restatement of the theorem for complexes. We sketch a generalization of 
Theorem |9.1| to complexes. Let M* and A^* be bounded complexes of A-modules such 
that H\M') lies in 7^p for all i. Define 

Pw(M'Y®Hj{N'){i) 

Let Ext*(M*, A^*) Ext*+^(M*, A^*) be the map rendering 



Ext'(M',Ar«) Ext*+^(M',A^') 

Ext^(M',iV')r Ext^(M',iV')r 

commutative. Here the vertical maps arise from a spectral sequence (cf. |7.12| ) and 
the lower map is cup-product with the canonical generator 6p G H^iV, W) (equal to 
the map induced by the identity map on Ext*(M', N*)). Because 0^ = 0, 

Exf(M', N'): > Ext^(M', A^*) ^ Ext*+^(M', A^') ^ ■ ■ ■ 

is a complex. Define 

X^'iM^N*) = Yl[H\Ext*{M*,N*))]^-^^' 

when these numbers are finite. 

Theorem 9.6. Let M* and N* be bounded complexes of A-modules such that 
W{M*) and H^{N') are semisimple and finitely generated over W for all i. 

(a) The groups Ext*(M*, A^*) are finitely generated "Lp-modules for all i. 

(b) The alternating sum '^{—l)ri of the ranks of the ExV{M*,N*) is zero. 

(c) The order of zero of P{M*^ ® N',t) at t = 1 is equal to the secondary Euler 
characteristic XK^^)*^"'^ ■ ^ ■ ^i- 
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(d) The groups H^Ext* {M' , N*)) are finite, and 

-PM*V(g)Ar«(t) 



s^l 1 



where xiM',N') = ^(-l)^+^s(i/*(M')) ■ r(ifJ(A^')). 

Proof. Consider first the case that M* and N* are modules M and regarded 
as complexes concentrated in degree 0. 

(a) Because M and are semisimple, m{M, t) and m{N, t) have only simply roots, 
and therefore the hypothesis of Theorem |9.1| hold. Hence, the groups Ext*(M, N) are 



finitely generated Zp- modules for all i, finite for i = 2, and zero for i > 2. 

(b) Moreover, / : Hom(M, A^) Ext (M, N) has finite kernel and cokernel, and 
so Hom(M, A^) and Ext^(M, A^) have the same rank. 

(c) In fact, one sees easily that the rank of Hom(M, A^) is the number of pairs 
such that ttj = bj (see |9.2|d). 



(d) The map / of Theorem |9.1| coincides with /°, and so (d) is a restatement of 
the theorem. 

The general case case now follows from the usual induction argument on the 
number of nonzero terms in the complexes M* and A^* (cf. p.2| f). □ 



There is a similar Theorem for / ^ p, whose formulation and proof we leave to the 
reader. 

Why 7^+(Fq; Zp) rather than n{¥g; Zp)? Write 7^+ and 7^ for 7^+(Fg; Zp) and 
TZiWg] Zp) respectively. Even the torsion subgroup of Ext:j^(M, A^) can be infinite. 
Suppose, for example, that M and A^ are torsion-free, and consider the diagram 

^ Hom7e+(M,Ar)(p") ^ Hom7j+(M, A^^p")) ^ Ext^+ (M, Ar)pn . 



Hom7j(M, N) 



ip") 



Ext^(M, N)pn 



Since [Hom7^(M, A^(p"))] = (g")KM)r(7V) unbounded, whereas [}iomn+{M, Mp"^)] 
is bounded if Hom/j+(M, A^) = 0, we see that Ext^(M, A^)(p) is frequently infinite. 
From a different perspective, it follows from Theorem 9.1 that Ext^+(M, A^) grows 
when M and A^ are replaced by M(l) and A^(l) because s(M(l)) > s(M), but the 
functor M I— > M(l) is an equivalence on the category 7l{Fg] Zp). 

Appendix: Lemmas on abelian groups. Recall that, for a homomorphism 
f:M — > A^ of abelian groups, we define z{f) = when both the top and 

bottom are finite. There are the following elementary statements (Tate 1966b, §5). 
We let W = W(¥g), q = p''. 

9.7. Let M and N he finitely generated Z-modules (resp. W -modules) of the same 
rank and let {xi) and (yi) be bases for M and N respectively modulo torsion. Suppose 
f{xi) = J^^ijVj 'modulo torsion. Then z{f) is defined if and only z/det(a.y) 7^ 0, in 
which case 
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( resp. 

,„ |A/,„„l|det(a„)|° 

= — [k::] — > 

Note that, when M = N, det(ajj) is the determinant of /q: Mq Mq. 

9.8. Consider maps f : M ^ N and g: N ^ P. If any two of the three numbers 
z{f), z{g), z{g o /) are defined, then so is the third, and 

z{g o /) = z{g) ■ z{f). 

9.9. Let r = Z, and let 7 be its canonical topological generator. Let M be a T 
-module that is finitely generated as a ^.-module, and let f : Mr be the map 
induced by the identity map on M. Then z{f) is defined if and only if the minimum 
polynomial of 'y on Mq does not have 1 as a multiple root, in which case 

z{f) l[{l-a 

where ai, 02, • • • is the family of eigenvalues of ■y acting on Mq. 

10. Extensions and Zeta Functions: Global Case 

In this section, Ad (F; Q) will be one of the following categories: 

(a) the category Ai^^^iW; Q; S) where S consists of all smooth projective varieties 
over F and we assume that the Tate conjecture holds for all V & S; 

(b) the category M(¥] Q) defined in QOBI ). 

In fact, if the category in (a) exists and the Hodge conjecture holds for complex 
abelian varieties of CM-type, then these categories are essentially the same: the re- 
duction functor CM(Q^i) ^ A^num(F; Q; S) defines a fibre functor u on CM(Q^i)^, 
and the quotient of CM(Q'^') corresponding to 00 is canonically equivalent with 
A<num(F; Q;5). 

The main theorem for extensions. 

Theorem 10.1. For all effective motives X and Y in A^+(Fq;Z), the groups 
Ext"'^(X, y) and Fjxt'^(X, Y)cotors are finite, and 

qxixx) . ^(^v ^Y,.s)r^ ± [Ext^(X,y)]-D(X,y) _ y^x,Y) ^ . 

[Hom(X,y)to„] ■ [Ext"(X,F) 

colors] 



where Y) = r{Xp)s{Yp) (notations as on j^Bj), D = D{X, Y) is the discriminant 
of the pairing 

Hom(y, X) X Hom(X, Y) ^ End(r) Z, (27) 
and p{X,Y) is the rank o/Hom(X, F). 



Remark 10.2. Let X and Y be effective motives over Fg. 
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(a) Because A4~^(¥q;Q) is a semisimple category, End(Xo x Yq) is a semisimple 
ring. As it is also finite dimensional over Q, the trace pairing 

End(Xo X Yo) x End(Xo x Yq) ^ Q 

is nondegenerate: D{X,Y) ^ 0. 

(b) Below we prove that [Ext^(X, y)cotors] = [Hom(F, X)tors] • This makes the 
formula more symmetric — note that -D(X, F) = D{Y^ X\ 



(c) When we replace X by Xir') or Y by Y{r) (r G N) in Theorem 10.1 , we obtain 
a description of the behaviour of C(-^'^ ® -s) near — r or +r. 



Proof of Theorem \10.]\ with z{e) for D(X, Y). Recall ( fj-Vj ) that for all I, there is 
an exact sequence 

Ext^+(ip^.2;)(X, Ext]^+^^^.^^){Xi,Yi) TiExt%f+^^^.^^^{X,Y) 0. 

Define 

e = {ei)i: Hom^+(j-^.z)(X, F)^ ^ TExt^+(ip^.2)(X, F) 
to be the map making 



}iomM+(¥,;Z){X,Y) 



Hom7^+(F,.z,)(Xi,y^) 



T;Ext^ + (F,;Z)(-^5^) 



Ext^+(]ir ^ )(Xi, Yi] 



commute. Here /; = f{Xi, YJ) is the map defined on pp8|. According to |9.8| and 



z{ei) = z{ci) ■ z{fi) 



[ExtHX,y)(/)] 
[Ext2(X;,l^)] 



s{Xi)-r(Yi) . 



(28) 



The algebraic numbers independent of /. Because Ext*(X;, Yi) = for i > 3, 

( ^.l| b) shows that Ext*(X, F) = for i > 3, and it follows (from ^.l| b again) that 

Ext2(X,r)cotor.(0 = Ext\Xi,Yi). 

On multiplying the equations (pSj) for the different / and applying the product formula, 
we find that 



Q 



n 



z[e 



[Ext^(X,r)] 
■[Ext'(X,F),otor.] 



This will become Theorem |10.1| once we have shown that 

[Hom(X,F)tors] 



z{e) = ±^ 



DiX,Y) 
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Comparison of z{e) with D{X, Y). Let be a finitely generated torsion-free dis- 
crete F-module, and let A^^ = Hom(A^, Z). The pairing 

X H^{T, N"^) H^{T, Z) = Q/Z 

realizes the compact group (A^^)^ as the Pontryagin dual of the discrete group 
if^(r, A^^) (e.g., Milne 1986b, I 1.10). There is therefore a canonical isomorphism 

Hom(A^^, Z) ^ Hom(Q/Z, H^{T, A^^)) = TH^{T, N"^). 
Suppose we are also given a nondegenerate pairing 

ij: N X M 

where M is a discrete F-module such that Mtors is killed by some integer and M/Mtors 
is finitely generated. This defines a map M N'^ with torsion kernel and cokernel, 
which induces isomorphisms H^(T,M) H^{T,N'^) aiidTH^{T,M) TH^{T,N^). 
Hence, there is a canonical isomorphism 

Hom(Ar^, Z) ^ Tif2(r, M). 

When combined with the map 

Hom(A^^, Z) 
defined by ^p, this gives a homomorphism 

{M%^TH\T,M). 

Note that z{e{ilj)) is defined if and only if M^^^^ is finite and the restriction tp^ to a 
pairing A^'" x — > Z is nondegenerate, in which case 



"det(V^r)- 

When we apply this remark to the pairing 

Hom(F,X)/{torsion} x Hom(X,F) ^ (Q 
we obtain a homomorphism 

e: Hom(X,r)^ ^ Tif2(r,Hom(X,F)), 

and 

[Hom(X,F)tors] 



zie 



DiX,Y) 

Since e coincides with the map defined in the preceding subsubsection, this completes 



the proof of Theorem 10.1 
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Comparison of Hom(F, X)tors with Ext^(X, F)cotors- In this subsection, we 
prove that 

[Hom(r,X)toJ = [Ext2(X,r),otors]. 
It foUows from Theorem |8.1| that 

Hom(y, X){1) = Hom(l^, X^tors, Ext^X, r)cotors(0 = Ext^Xi, l^),otors, 

and so it suffices to show that, for M and in 7?.+ (Fg; Z;), 

[Hom(iV, M)tors] = [Ext' (M,iV) 

cotors I ■ 

Because Ext^ = in 7^+(Fg;Z^), Ext'(M/Mtors, A^) is divisible and 

Ext2(M, Ar),„tors = Ext2(Mtors, AT). 

As Hom(A^, Mtors) — Hom(A^, M)tors, this shows that it suffices to prove that 

[Hom(A^,M)] = [Ext2(M,A^)] (29) 

when M is torsion. In fact, we shall show that 

Hom(Ar, M) ^ Ext'(M, A^)* (30) 

when A^ is torsion-free and M is torsion. Here * denotes Hom(— , Q/Z). This implies 
(^) because an arbitrary A^ has a resolution by torsion-free objects (1.4b, 7.10). 
Define 

Ext'(M,Ar® Q/Z) = lim„ExtXM,Ar('")). 

Then 

Ext\M, N ® Q/Z) = Ext'(M, A^) 

and so we have to show that 

Hom(Ar, M) ^ Ext^ (M, A^ ® Q/Z)* (31) 

(M torsion, A^ torsion-free). 

Proof of ( pTy in the case I ^ p. We let M and N denote M and A^ regarded as 
Z;-modules. There is a perfect pairing of finite Z;-modules 

Hom(iV, M) X Hom(M, A^ ® Q/Z) A Hom(iV, A^ ® Q/Z) = End(iV) ® Q/Z Q/ 



This gives a perfect pairing of F-cohomology groups 

Hom(iV, M)^ X Hom(M, N O Q/Z)r ^ Q/Z, 



which can be identified with ( pTI) . 
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Proof of in the case I = p. If F acts as an isomorphism on M, this can be 
proved as in the case / 7^ p. Thus, we may assume that F act nilpotently on M, which 
therefore has a composition series whose quotients are isomorphic to k =df (Fg, 0). 

Any extension of N^'^"^ by N^^"^ sphts as an extension of VT-modules, and therefore 
is described by a a-hnear endomorphism a of N^"\ The trace of a acting on A^(p") 
is an element of W/p'^W, and the trace of this element is a well-defined element of 
Zp/p"''Zp. Thus, we have a homomorphism 

Ext^(Ar(P"), Ar(P")) ^ Zp/p^Zp = p-''Zp/Zp. 

On passing to the limit, we obtain a homomorphism 

t: Ext\N,N ^Q/Z) ^ Q/Z. 

We claim that the pairings 

Ext^(Ar, M) X Ext^-^(M, N O Q/Z) ^ Ext^(A^, Q/Z) ^ Q/Z (32) 

are perfect for i > 0. When is cyclic, N = A/ A ■ A, and M = k, this can be proved 
directly: either both groups are zero, or the pairing is the trace pairing 

¥gX¥g~^ ¥p. 

Consider an exact sequence 

0-^N'-*N-^k^O. 

If the pairings ( p2D are perfect for A^, k, and i > 0, then the diagram 

> Hom(fc,fc) > Honi(A^, fc) > Honi(A^',fc) > ■■■ 

> Ext^ {k,k)* > Ext^(fc,iV0Q/Z)* > Ext^(fc,iV' ® Q/Z)* > ••■ 

shows that they are perfect for A^', k, and i > (note that (24) shows that Ext*(A;, k) 
equals k,k (B k,k respectively for z = 0, 1, 2). A similar argument applies when N/N' 
is a finite module on which F acts invertibly. Since an arbitrary torsion-free A^ can 
be realized as a submodule of a direct sum of cyclic modules (9.3), this proves that 
the pairings (^) are perfect when M = k. An induction argument on the length of 
M extends this to an arbitrary torsion M. The case i = completes the proof of 

The main theorem for Weil extensions. Let Tq be the subgroup of F gener- 
ated by the Frobenius element (so Fq = Z). Inspired by Lichtenbaum 2002, we define 
'Weil" extension groups satisfying an analogue of the spectral sequence (0). 

As we noted in |5.19| , to give a motive over amounts to giving a motive X over 
F together with an endomorphism vr of X that represents its Frobenius germ. The 
71 can be considered a descent datum on X, and the condition on it a continuity 
requirement. We now define the category of Weil motives over Fg, Ai(¥q; Z)w to be 
the category of pairs {X, vr) consisting of a motive X over F and an endomorphism 
71 ( "noncontinuous descent datum"). Equivalently, A4(¥g;Z)]v is the category of 
motives over F with a Z-action. It contains Ai{¥q] Z) as a full subcategory. 
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Similarly, we define the category A^ + (F^;Z)vy of effective Weil motives. For ef- 



fective motives X and Y over ¥g, let 

Ext^(x,r)o = ExtV(^^^^)^(x,r). 

Proposition 10.3. For effective motives X, Y over ¥q, there is a spectral se- 
quence 

i/^(ro,Ext^^+(^^^)(X,F)) =^ Ext*+^'(X,F)o 
Proof. The proof of Theorem p.4| can be adapted to the present situation. □ 



Lemma 10.4. The groups Ext*(X, y)o are finitely generated for alii, torsion for 
i > 2, and zero for i > 3. 

Proof. The groups Ext-^j^+^^.^-^i^X ,Y) have composition series whose quotients 
are finitely generated Z-modules or F with its natural Fo-action. Moreover, they are 
torsion for z > 1 and zero for i > 2. Thus the statement follows from [10. 3| . □ 



Let /: Hom(M, A^)o Ext^(M, A^)o be the map rendering 
Hom(M,iV)o Ext\M,N)o 

RomM+iF;Z){M,N)^<^ > Hom^+(F.2;)(M,iV)ro 

commutative. Here the vertical maps arise from a spectral sequence ( [10.3|) and the 
lower map is induced by the identity map on Hom(M, N) (equal to cup-product with 
the canonical generator of if^(Fo, Z) = Z). 

Theorem 10.5. For effective motives X and Y over ¥g, z{f) is defined and 

qX{x,Y) . ^(^v ^Y,s)r^ ±z{f) ■ [Ext'(X, Y)o] ■ (1 - q-y(^'^) as s ^ 0. 

(Notations as in \10.1\ .) 



Proof. If either X or F is finite, then the spectral sequence |10.3| coincides with 
and so 



Ext*(X,r) = Exf (x,y)o. 

Now the same argument as in §8 proves that, for arbitrary X, Y, there are exact 
sequences 

^ Ext'(X, Y)o Exi\Xu Yi) ^ Ti Ext'+^(X, Y)^ 0. 



Lemma |10.4] shows that Ext*^ {X, Y)q has no /-divisible elements, and so these se- 



quences reduce to isomorphisms 

Ext\X,Y)o®Zi = Ext\Xi,Yi). 
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The spectral sequence (|10.3|) is compatible with the spectral sequences ( ffTSl) and 
( [7.12| ), and so the diagrams 

Hom(X,r)o®Z/ Ext\X,Y)o(g)Zi 



Rom{Xi,Yi) 



fl 



Ext\Xi,Yi] 



commute. Here // is the map in Theorem |9.1| . Therefore, Theorem |10.5| follows from 
Theorem |9.1| and the product formula. □ 



Remark 10.6. The advantage of statement |10.5| over |10.1| is that it has a natural 
extension to complexes of motives — see the sequel to this paper. Compare also 
Theorem 19. ( 



Motivic cohomology. Let F be a smooth projective varietyQ over F^. In con- 
trast to the pure case, V should define, not a mixed motive, but rather a complex 
which will not (in general) decompose when there is torsion, the torsion at p be- 
ing particularly complicated. Nevertheless, for an r > such that the truncated 
de Rham-Witt cohomology groups H^{V, WQ-^~^) are finitely generated over W, we 
make the ad hoc definition: h^V{r) is the isomotive hQV{r) endowed with the Z- 
structure provided by the maps H\V,Z,i{r)) if*(V,Qi(r)) (etale cohomology for 
/ 7^ p and crystalline cohomology I = p). Define the (Weil) motivic cohomology 
groups byQ 



Let 



HU{VMr)) = ©.Ext^(l,/i^'^V(r))o. 



(33) 



i/;„,(\/,Z(r)) = -- 
be the complex with 
HU{V, Z{r)) Ext°(l, h\V){r)\ ©Exti(l, W-\V){r)\(mxe{X y-\V){r))^ 

P\ = \( \( 

if4+^(y,Z(r)) ExtO(l,/i^+i(y)(r))o© Ey±\\ ,h\V){T)\ ®Ext\\,W~\V){T)\ 



The maps / at right are as in Theorem 10.5 



^^If the category A^(F;Q) at the start of this section is taken to be as in 5.26| (case (b)), then 
V must be taken to be an abehan variety. 

^^According to Dehgne 1994, 3.2.1, the motivic cohomology groups (Q-coefhcients) should be 
the final term of a spectral sequence 



E'i =Ext*(l,/iJ(y)) 



Over it is natural to expect this also with Z-coefhcients and (following Lichtenbaum's ideas) 
replace the Exts with the Weil Exts: 

= Ext^(l,/i^(^))o =^ i/;+^(F,Z(r)). 

If this spectral sequence degenerates, then we arrive at (^). In the sequel to this paper, we shall 
take a less ad hoc approach. 
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Theorem 10.7. Let V he a smooth projective variety over ¥q, and let r > be 
such that the groups H^{V, WQ-^~^) are finitely generated over W . 

(a) The groups Hl^^^{V, Z^r)) are finitely generated abelian groups. 

(b) The alternating sum ^(— l)Vj of the ranks ri of the groups Hl^^f.{V, 7j{r)) is 
zero. 

(c) The order of the zero of ({V, s) at s = r is equal to the secondary Euler char- 
acteristic p(V,r) =(i/ 

(d) The cohomology groups of the complex {H'^^^{V,Z{r)), f) are finite, and the 
alternating product of their orders x^{V,'^{f)) satisfies 

C{V, s) ~ ±x'' (V, Z(r)) • . (1 - q^-y as s ^ r 

where 

x{V,0,r) = Yl {~iy^\r-t)-dim^^H\X,n'). 

0<i<r 
0<j<dimF 



Proof. Immediate consequence of Theorem |10.5| and Milne 1986a, 4.1 (the con- 
dition on the de Rham-Witt groups implies that the numbers o?*(r — 1) in the second 
reference are zero). □ 



Remark 10.8. When r = 0, the condition on the de Rham-Witt groups is sat- 
isfied vacuously, and the groups H^^^{V,Z{0)) coincide with the Weil-etale groups 
Hly{V,Z) of Lichtenbaum 2002. Thus, in this case the theorem coincides with the 
smooth projective case of ibid.. Theorem 8.2. 
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